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ABSTRACT

Precise point positioning with ambiguity resolution (PPP-AR) is a powerful tool for geodetic
and time-constrained applications that require high precision. The performance of PPP-AR
highly depends on the reliability of the correct integer carrier-phase ambiguity estimation. In
this study, the performance of narrow-lane ambiguity resolution of PPP using the Least-squares
AMBIguity Decorrelation (LAMBDA) and bootstrapping methods is extensively investigated
using real data from 55 IGS stations over one-month in 2020. Static PPP with 24-, 12-, 8-, 4-, 2-,
1- and %-h sessions using two different cutoff angles (7° and 30°) was conducted with three
PPP modes: i.e. ambiguity-float and two kinds of ambiguity-fixed PPP using the LAMBDA and
bootstrapping methods for narrow-lane AR, respectively. The results show that the LAMBDA
method can produce more reliable results for 2 hour and shorter observation sessions com-
pared with the bootstrapping method using a 7° cutoff angle. For a 30° cutoff angle, the
LAMBDA method outperforms the bootstrapping method for observation sessions of 4 h and
less. For long observation times, the bootstrapping method produced much more accurate
coordinates compared with the LAMBDA method without considering the wrong fixes cases.
The results also show that occurrences of fixing the wrong integer ambiguities using the
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bootstrapping method are higher than that of the LAMBDA method.

1. Introduction

Precise point positioning (PPP) has been increasingly
used in many geoscience applications, thanks to its
powerful and cost-effective technique (Li et al. 2015;
Labib et al. 2019). High positioning accuracy (cm
to mm) can be maintained anywhere in the world
using a single Global Navigation Satellite System
(GNSS) receiver without using reference stations
(Zumberge et al. 1997). The main drawback of PPP
related to convergence time can be mitigated by
implementing ambiguity resolution (AR) (Zhao et al.
2020). The AR realization requires estimating the
uncalibrated phase delay (UPD) biases arising in
both receivers and satellites. In addition to that, satel-
lite orbit and clock products need to be consistent with
the produced UPD biases (Banville et al. 2020).
Without AR, lower precision - especially in the east
component — and much longer convergence time are
generally observed in PPP compared with the relative
positioning technique. The majority of online PPP
GNSS  services, such as MagicGNSS, CSRS-PPP
(launch of PPP-AR service planned for the end of
2020) (Alkan et al. 2015), GAPS, and some PPP soft-
ware such as Bernese, RTKLIB, and GpsTools perform
only ambiguity-float PPP (Mohammed et al. 2016).
After removing the hardware delay biases arising
from the receiver and satellite, the integer property of

single-station ambiguities can be retrieved in PPP.
Several methods have been used for the estimation of
integer ambiguities. Commonly used methods are
Least-squares AMBiguity Decorrelation Adjustment
(LAMBDA) (Teunissen 1995) and bootstrapping
(Teunissen 1998).

Several studies have been conducted on the perfor-
mance of LAMBDA and bootstrapping methods for AR
in relative positioning. Teunissen (2007) investigates
the effect of ambiguity precision on the performance
of bootstrapping. The results show that when the pre-
cision of the ambiguities computed from the float solu-
tion is higher, the probability of fixing the correct
integer becomes larger. Teunissen, Joosten, and
Tiberius (2003) investigate LAMBDA, TCAR (Three-
Carrier Ambiguity Resolution), and CIR (Cascading
Integer Resolution) techniques for relative positioning.
According to the results, the highest probability of
success rate can be obtained using LAMBDA compared
with TCAR and CIR. Teunissen, De Jonge, and
Tiberius (1997) analyzes the LAMBDA method perfor-
mance on relative positioning. The results indicate that
the LAMBDA method is generally successfully applic-
able to any GPS model or application. In theory, the
integer least-squares principle maximizes the probabil-
ity of correct integer estimation. The bootstrapping
method can also achieve a high correct estimation
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probability and has an advantage over the computation
burden. As to the narrow-lane PPP-AR, Loyer et al.
(2012) and Katsigianni et al. (2019) employ the boot-
strapping method, while many other researchers
employ the LAMBDA method (Geng et al. 2009; Li
et al. 2016; Xiao et al. 2019). Wen et al. (2020) perform
PPP-AR using bootstrapping and LAMBDA methods
for wide-lane and narrow-lane ambiguities, respec-
tively, with dual-frequency android GNSS data. The
results show that up to 80% of total epochs can be
fixed and cm-level three-dimensional accuracy is
obtained using the both methods. Zhang, Chen, and
Yuan (2019) investigate AR performance of PPP-RTK
based on undifferenced and uncombined observations.
It is found that double-differenced ambiguities within
the Crustal Movement Observation Network of China
(CMONOC) network can be resolved efficiently using
the LAMBDA method. Zhang, Teunissen, and Odijk
(2011) also investigate PPP-RTK approach using two
GPS CORS networks with inter-station distances ran-
ging from 60 to 100 km. The LAMBDA method was
used for AR within these two CORS networks. The
results indicate that ambiguity resolution with
a success rate of about 99.7% was obtained.

Access to software to conduct PPP-AR, along with
satellite and clock products that are consistent with the
UPD bias products, is limited because several analysis
centers (ACs) produce these products for internal
purposes (Banville et al. 2020; Capilla, Berné-Valero,
and Hermosilla-Rodrigo 2017). Wuhan AC have been
producing phase/clock bias products using the integer
clock model (Laurichesse et al. 2009) which is consis-
tent with CODE (Centre for Orbit Determination in
Europe) final orbit. In this study, these phase/clock
bias products were used for PPP-AR. The products
have been publicly available since 2006. For more
detailed information about producing phase/clock
biases, the reader is referred to Geng et al. (2019a).
The open-source GNSS PPP software named PRIDE
PPP-AR has also been publicly released by Wuhan
University (Geng et al. 2019b).

In this study, the performance of bootstrapping and
LAMBDA methods on PPP narrow-lane (NL) AR was
investigated using PRIDE PPP-AR software, while con-
sidering different observation length and satellite geome-
try scenes. In the following sections, the PPP functional
model and bootstrapping and LAMBDA methods are
briefly introduced. Details of the data processing are
given in Section 4. The results are summarized in
Section 5, and the conclusions are presented in the last
section.

2. lonosphere-free PPP functional model

The ionosphere-free (IF) code and carrier-phase
observations can be expressed for a particular epoch
as (Leick, Rapoport, and Tatarnikov 2015)
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P;F,r =p+c(dt, — dr) + dirop + HDp 1 — HDPsIF
+eor = (AP = 7))/ (fi? = f2%)
(1)

ik =P+ c(dt, — dt*) + dyop + ApN; 1 + HDy . 1
_HDYsIF efMF _ (ﬂ2@1 —fzz@z)/(f12 —f22)
(2)

where superscript s and r denote the satellite and
receiver, respectively; Py andf)j;, are the code and
phase IF combination, respectively; p denotes the geo-
metric range between the receiver and satellite; dt, and
dt* denote the receiver and satellite clock offset,
respectively; dyop is the tropospheric delay including
wet and dry components; A;; and N . are IF wave-
length and IF carrier phase ambiguity, respectively;
HDp,r and HDy,;r denote the IF receiver-related
code and phase hardware delay, respectively; HD"sF
and HD"*'F are their counterparts for satellite-related
delays; €}, ;p and € . are the unmodeled errors of IF

for code and carrier phase measurements; f; and f, are
two frequencies; Py, P;, ()1, and (), are the code and
phase observations on the two frequencies. HD"SF' is
lumped into the df’. Because clock parameters are
computed using IF code measurements, estimation
of dt, absorbs theHDp, . HDy, rand HDYSTF are
lumped into the ambiguities (N; ;). Therefore, the
integer property of N; ;. is destroyed (Xiao et al. 2019).

The IF wavelengthr (Arr) and ambiguity (N ) can
be written as

Mp=—— (3)

~ 1 /)
Nip = Ny = x <WL—1) x (N, —Np)  (4)

where Ay is the wide-lane wavelength. N7 and N, are
the float ambiguities of first and second frequencies.
The satellite-related hardware-phase delays (HD"*'F)
can be estimated within the network using the double
differenced (for ambiguity estimation) and undiffer-
enced observations. There are several techniques to
estimate HD?'F at the server side and to calibrate it
at the user side, such as the “integer clock model”
(Laurichesse et al. 2009), the “decoupled clock
model” (Collins et al. 2010), the “uncalibrated phase
delay” (Ge et al. 2008) and the “modified phase clock/
bias model” (Geng et al. 2019a). After estimating the
HD"*'F within the network of GNSS stations, IF ambi-
guity is usually decomposed into wide- and narrow-
lane ambiguities, due to the fact that (); and (), ambi-
guities cannot be estimated simultaneously in the IF
PPP approach because of the rank deficiency in the
normal equation system (Ge et al. 2008). The float
wide-lane (WL) ambiguity can be expressed by the
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Hatch-Melbourne-Wiibbena (HMW) combination
(Hatch 1982; Melbourne 1985; Wiibbena 1985):

f1X®1—f2X®2 leP1+f2XP2
HMW = -
hi—F hi+r (5)

= Awr X Ny

Wide-lane wavelength can be expressed as

c
A p—
WL i h

Because the HMW combination is an independent
function of geometry, ionosphere, and troposphere,
code noise and multipath are the major factors that
affect its accuracy. After resolving the wide-lane ambi-
guities (Nvm), the float NL ambiguities IVN/L can be
expressed using IF ambiguities as (Li et al. 2018)

(6)

ANL X Z\EZAIFX Z\/-]\I/F_'%XZ\]WL (7)

NL wavelength can be expressed as:

Y

The IF ambiguity can only be fixed when both WL and
NL ambiguities are estimated as integers. If some float
NL ambiguities cannot be fixed to the integer, partial
ambiguity resolution can be conducted (Li and Zhang
2015). Fixing the NL ambiguity is much more difficult
than fixing WL ambiguity due to the short wavelength
of NL combination (10.7 cm). As a result, the NL
combination is easily influenced by residual atmosphere
delay and multipath. Moreover, NL ambiguities are
more correlated than WL ambiguities because WL
ambiguities are directly derived from the HMW combi-
nation; as a result, they are not correlated to each other.
The bootstrapping method or the rounding strategy can
be successfully applied to estimate the correct integer of
WL ambiguities, while the LAMBDA method (search
strategy) can be chosen to fix the NL ambiguities
because of the high correlation between NL ambiguities.
In static PPP, the estimated parameters can be written as

®)

ANL

X = [567 dty, Zyer, Grad,s, Grad,,, I\/E;"} )

where X is the vector of the receiver position update
with respect to the a priori position, Z,,; is the tropo-
spheric zenith wet delay, and Grad,;andGrad,,, denote
the north-south and east-west tropospheric gradients,
respectively. The bootstrapping and LAMBDA meth-
ods are briefly introduced in the following section.

3. Integer ambiguity search and validation

Estimating the correct integer ambiguity requires
searching and validating the best candidates of the
integer ambiguities. Ambiguity float solutions and
their variance-covariance matrix are used to search

for the correct integer ambiguities. Bootstrapping and
LAMBDA methods are among the searching methods
for integer candidates around the float (real-valued)
solutions. The LAMBDA method is based on integer
least squares. The LAMBDA method enables the dec-
orrelation of the ambiguities; thus, the search space
scales to a large degree of accuracy (Teunissen 1998).
The LAMBDA method consists of two stages. First,
decorrelation of the ambiguities is maintained using
Z-transformation. Then, the search for integer candi-
dates is conducted. When the number of ambiguities
increases, the search space also extends. Therefore, the
efficiency of LAMBDA decreases. The bootstrapping
method is the generalization of integer rounding, and
it is based on sequential conditioning rounding while
some of the correlations between ambiguities are
taken into consideration (Teunissen  2005).
Computation of the bootstrapping method is relatively
easier than LAMBDA because fixing ambiguities to
the integers can be performed directly without con-
sidering all correlations between ambiguities
(Teunissen 2007).

Ambiguity validation is based on testing the best
available candidates and determining whether any
candidates should be accepted (Feng and Jokinen
2017). The ambiguity validation procedure generally
involves a statistical test, distribution of the ambigu-
ities, and determination of thresholds. Ratio, F-ratio,
and W-ratio are commonly used statistical tests for
ambiguity validation. For detailed information on the
statistical tests, the reader is referred to Li and Wang
(2012).

4, Data processing

Fifty-five geographically well-distributed IGS stations
were selected to investigate PPP NL AR performance
using the LAMBDA and bootstrapping methods.
Figure 1 shows the geographic distribution of the selected
stations. One month (January) in 2020 was chosen to
perform static PPP processes using 24-, 12-, 8-, 4-, 2-, 1-
and %-h non-overlapped sessions for each IGS station.
PPP using three different modes was conducted -
namely, float, NL AR with LAMBDA (AR_1), and NL
AR with bootstrapping (AR_2). The bootstrapping
method was used to fix WL ambiguities for each PPP
AR mode. Two different cutoft angles (7° and 30°) were
chosen to investigate the performance of the methods
under different satellite geometries. To assess the accu-
racy, reference coordinates of the stations were taken
from the IGS weekly solutions.

The epoch availability of each RINEX file was
checked using in-house software. The data availability
threshold was set to 98% and, RINEX files below this
threshold were discarded from the processing. PRIDE
PPP-AR open-source software was used to process each
PPP. The processing parameters are given in Table 1.
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Figure 1. Geographic distribution of the selected IGS stations.

Table 1. PPP processing parameters.

Table 2. RMSEs computed from the float PPP (unit: cm).

GNSS system

GPS

Orbit and clock

AR products
Adjustment model

Epoch interval
Elevation cutoff angle
Weighting strategy

Satellite/receiver phase
center

lonospheric effect

Phase Ambiguities

AR validation

CODE final orbit and estimated integer
phase clock

WUHAN phase/clock bias products

Least squares adjustment, smoothed with
forward and backward filtering
(Vaclavovic and Dousa 2015)

30s

7°/30°

W = 1for e > 30% W = 4 x sine? for e <
30° where W is the weight scaling and
e is the satellite elevation

Up-to-date IGS14.atx

Removed by IF linear combination
Float/AR_1/AR_2
LAMBDA AR: Ratio test with 3.0 threshold

Bootstrapping AR: No validation
applied. Bias rounding criterion: 0.15
cycle with 0.15 sigma threshold in cycle

GPS C1-P1 code bias was corrected using
monthly DCB file.

GMF model with piece-wise constant with
Saastomoinen model

Piece-wise constant

Intra-Frequency Bias
Troposphere

Zenith wet delay
estimation

Horizontal delay gradients
estimation

Phase windup

Solid earth, ocean tide
loading and polar tides

Piece-wise constant

Corrected
IERS conventions, 2003

5. Results and analysis

For convenient visualization, PPP results using float
ambiguity estimates for each cutoff angle and observa-
tion session are provided in Table 2. In order to
investigate the performance of NL AR using the boot-
strapping and LAMBDA methods, accuracy improve-
ments in north, east and up components from the two
AR modes with respect to the float PPP solutions are
given in Figures 3 and 4 for each observation session
and cutoff angle. The threshold of the outliers was
determined as 10 cm for each PPP processing and
each station. If the error of any of the coordinate
components (N, E, U) with respect to the reference
solution was greater than 10 cm, it was discarded from

Cutoff: 7° Cutoff: 30°
Sessions (h) N E U N E U
24 0.3 0.4 1.4 0.4 0.6 24
12 0.4 0.6 1.5 0.6 0.8 2.8
8 0.4 0.7 1.6 0.6 1.0 3.1
4 0.6 1.0 1.9 0.8 1.5 35
2 0.8 1.7 24 1.3 2.5 4.1
1 1.2 2.7 3.1 1.9 34 4.8
0.5 1.8 33 4.0 2.6 39 5.2

the root mean square error (RMSE) computation.
Figure 2 shows the outlier percentages for the PPP
float and the AR_1 and AR _2 solutions for each cutoff
angle.

As expected, the number of outliers using a 30°
cutoff angle is significantly higher compared with
a 7° cutoff angle. A high degree of cutoff angle sig-
nificantly restricts the redundancy of the GPS-only
PPP. After excluding the outliers for each PPP mode,
only the coordinate solutions belonging to identical
times between the three PPP modes were used. In this
way, RMSEs were computed using the estimated solu-
tions from three PPP modes sharing the same obser-
vation conditions.

As can be seen from the results of the improve-
ments, NL fixing with LAMBDA (AR_1) produces
more accurate coordinates for short observation
times compared with NL fixing with bootstrapping
(AR_2). As expected, improvements in east compo-
nents are much bigger than north and up components.
The results show that the bootstrapping method pro-
duces much more accurate results for observation
sessions longer than 2 h, while the LAMBDA method
performs much better than bootstrapping for observa-
tion sessions equal to and shorter than 2 h for the 7°
cutoft angle. For the 30° cutoft angle, the performance
of the LAMBDA method is much greater than the
bootstrapping method for observation sessions of 4 h
and less. As the cutoff angle increases, the number of
ambiguities decreases so the search space of LAMBDA
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Figure 2. Outlier percentages for the PPP float and AR modes for the cutoff of 7°(a) and 30° (b).

does not extend as much as the 7° cutoff angle. It can
also be observed that the LAMBDA method leads the
slight accuracy degradation with daily data for the 7°
cutoff angle. It is related that some ambiguities that
belong to the identical epoch time could not be fixed
correctly by the LAMBDA method (Ogutcu 2020).
When the RMSEs were computed without the outlier
removal, accuracy improvement in all coordinate
components with respect to the float solution was
seen for the LAMBDA method. In Figure 3(a), the
improvement percentage for the north component of
the LAMBDA for 24 h session, and in Figure 3(c), the
improvement percentage for the vertical component
of the LAMBDA method for 12 h and 8 h are very
close to zero therefore, they are not visible in Figure 3
(a,c).

The outlier results indicate that the LAMBDA
method produced a smaller number of outliers than
the bootstrapping method, especially for short obser-
vation sessions. The wrong fixing of integer candidates
is investigated for each AR technique. A wrong fix
solution from LAMBDA and bootstrapping methods
is validated if any fixed solution (after AR validation)

is within the outliers but its float counterpart is not an
outlier solution. Figure 5 shows the percentages of
wrong fixing for each AR method and cutoff angle.

When the wrong fixing results are examined, it is
seen that the number of wrong fixes is significant for
observation sessions of 0.5 h and 1 h for the 7° cutoft
angle, and the number of wrong fixes for the 30° cutoff
angle is significant for 4 h and shorter observation
sessions for each AR method. As satellite visibility
decreases, the arch length of the satellites shortens,
and this leads to unreliable AR.

The wrong fixing results are similar to the overall
performance of the AR methods. For short observa-
tion times, the LAMBDA method produces fewer
numbers of wrong fixes compared with the bootstrap-
ping method. For the 7° cutoft angle, the number of
wrong fixes of the AR methods is almost the same for
24, 12, and 8 h observation sessions. For observation
sessions of 4 h and shorter, the LAMBDA method
produces fewer numbers of wrong fixes compared
with the bootstrapping method. For the 30° cutoff
angle, the number of wrong fixes is similar among
the methods from the 24 h to 4 h observation sessions,
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Figure 5. Percentage of wrong fixing for each AR method and cutoff angle.

while for observation sessions equal to 2 h and shorter,
the performance of the LAMBDA method is signifi-
cantly better compared with the bootstrapping
method. LAMBDA is generally a higher success rate
compared to the bootstrapping method. Therefore, it
is more likely to find the correct integer candidate
using LAMBDA compared to bootstrapping, espe-
cially for short observation sessions. This performance
difference is expected because the ambiguity valida-
tion of narrow-lane AR is employed for LAMBDA
method, whereas no ambiguity validation test is
employed for the bootstrapping method.

6. Conclusions

In this paper, the performance of the LAMBDA and
bootstrapping AR methods were comprehensively
investigated for fixing PPP NL ambiguities with 24,
12, 8, 4, 2, 1, and %-h sessions using two different
cutoff angles (7° and 30°). Fifty-five IGS stations were
processed over a one-month period in 2020 using
three PPP modes - namely, float, NL AR with
LAMBDA (AR_1), and NL AR with bootstrapping

(AR_2). The improvement in positioning accuracy
with respect to the float PPP solutions was computed
from AR 1 and AR_2 PPP modes. The number of
wrong fixes using the AR_1 and AR_2 PPP modes
was also computed for each data set.

Based on the results, it was found that the improve-
ment in positioning accuracy from AR_1 PPP mode
was much higher than AR_2 PPP mode when obser-
vation sessions were equal to and shorter than 2 h for
the 7° cutoff angle. For the 30° cutoff angle, the per-
formance of AR_1 mode outperformed the AR_2
mode for observation sessions equal to and shorter
than 4 h. For restricted satellite visibility, the number
of ambiguities decreases such that the search space of
the LAMBDA also decreased. Due to this fact, the
LAMBDA method produced much more accurate
coordinate results for longer observation sessions
with a 30° cutoff angle compared with a 7° cutoff
angle. When the correlations between the ambiguities
are high (for short observation sessions), the perfor-
mance of the LAMBDA method is much greater than
the bootstrapping method because the bootstrapping
method does not take into account all the correlations
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between the NL ambiguities. When the observation
sessions become longer, the correlation between the
NL ambiguities decreases as a result; more reliable AR
can be maintained using the bootstrapping method. It
should be emphasized that no AR validation test was
applied to the bootstrapping method in this study.
Because the bootstrapping method yields a single
ambiguity solution, the ratio-test cannot be applicable.
Success probability of the bootstrapping method can
be used as an ambiguity validation of NL AR using
a predetermined threshold value. The performance of
the bootstrapping could be improved when an AR
validation test is applied. Theoretically, LAMBDA
generally outperforms bootstrapping. But in practice,
different AR validations are used with these two meth-
ods. The ratio-test is often used to validate the integer
candidates from LAMBDA searching method while
not able to be used in bootstrapping method.
Impacted by the validation, two methods have
a different ambiguity fixing rate. Therefore, the boot-
strapping method obtained a higher ambiguity fixing
for long observation sessions in this study.

Wrong fixing results based on AR_1 and AR_2
modes indicated that the number of wrong fixes was
significant for short observation sessions (0.5h and 1 h
for the 7° cutoff, and 4 h and shorter for the 30° cutoff)
for each AR method. Similar to the accuracy perfor-
mance of each AR method, the LAMBDA method
produced fewer numbers of wrong fixes compared
with the bootstrapping method for the short observa-
tion sessions. Ambiguity validation differences
between the methods are mainly responsible for the
number of wrong fixes differences in short observation
sessions. Since no validation test employed for the
bootstrapping method, the LAMBDA method with
the ratio-test of ambiguity validation produced
a higher performance for short observation sessions.
For the long observation sessions, the number of
wrong fixes was comparable to each AR method.

Based on this study, a flexible approach using the
LAMBDA and bootstrapping methods with regard to
the observation sessions and number of the ambigu-
ities is recommended for PPP-AR.
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