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1. Introduction

e define with simple, finite and undirected graph G = (Eg, V), where Eg and V;; is vertex set and
W edge set respectively. Cordinalities of there sets are called the size and order of G. We follow the
standard notations and terminology of graph theory as in [1]. A graph labeling is an assignment to vertices
or edges or both subject to certain conditions. If the domain is Vg U E; then we called the labeling is total
labeling.

We have the following notations, in order to know cordial labeling / and its sorts.

vy,(j) is the number of vertices labeled by j;
ep(j) is the number of edges labeled by j;
on(i, j) = on(i) — on(j);

ep(i,j) =eu(i) —ex(j) and

the sum of all vertices and edges labeled by j is sum(j) i.e. sum(j) = vj,(j) + ex(j).

SIS

Cahit [2] gave first concept of cordial labeling as a weaker version of graceful labeling. A vertex labeling
h: Vg — {0,1} that induce an edge labeling h* : Eg — {0,1} defined by h*(uv) = |h(u) — h(v)|, for all
u,veEg if vy (1) — v,(0)| < 1 and e, (1) —e;(0)| < 1. The concept of product cordial labeling was introduced
by Sundaram et al. in 2014. For details see [3]. In 2006 and 2012, Sundaram et al. develop the concept of total
product cordial labeling and k-total product cordial labeling. For details see [4,5]. Vaidya and Barasara gave the
concept of edge product cordial labeling and total edge product cordial labeling. For details see [6,7].

Let k be an integer, 2 < k < |Eg| an edge labeling h : Eg — {0,1,...,k — 1}, with induced vertex
labeling h* : Vg — {0,1,...,k — 1} such that h*(u) = h(ej)h(ez)...h(e;)(mod k), where edges ey, ey, ..., e,
are the edge incident to u, then h is called k-total edge product cordial labeling if |sum(i) — sum(j)| < 1 for
i,je{0,1,...,k—1}.

In 2015, Azaizeh et al. [8] was introduced the basic concept of k-total edge product cordial (k-TEPC) labeling.
Recently Azaizeh ef al. investigated the 3-TEPC labeling for more families of graphs namely, path, circle, fan,
double fan, triangular snake graph (see example [9,10]). Ahmad et al. [11] discussed 3-TEPC labeling of gear,
web and helm graph. Ali et al. [12] investigated the 3-TEPC labeling for families of convex polytopes namely,
double antiprism A, Sy and Ty, In 2018, Ahmad et al. [13] had discussed the 3-TEPC labeling for hexagonal
grid. Recently, Ali ef al. [14] investigated the 4-total edge product cordial labeling of some standard graphs.
For more details see references [15-18].

Now we will define tadpole graph (T},;), book graph (B;) and flower graph (Fl;) graph.

Definition 1. The tadpole graph is obtained by connecting a cycle graph C,, (of order p) to a path graph P, (of
order q) with a bridge and is denoted by T 4 (see Figure 1).
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Figure 1. Tadpole graph Tg 4.

Definition 2. Book graph B, is obtained by the cartesian product S;,1 x P, where S, 1 is the star graph of
order g + 1 and P; is the path graph of order 2 (see Figure 2).

Figure 2. Book graph B3

Definition 3. The flower graph Fl, is the graph attain from a helm graph H; of order g by joining each pendent
vertex to the apex of the helm (see Figure 3).

Figure 3. Flower graph Flg

2. Main results

In this section, we will discuss 3-total edge product cordial (3-TEPC) labeling of tadpole, book and flower
graphs.
Theorem 1. The tadpole graph Ty, 5 has 3-TEPC labeling.

Proof. Let Vg = {u;,1 < j < p}U{v;,1 <j < q}and Eg = {ujuj1,1 <j < p—1}U{ojoj1,1 < j <
q— 1} U {upus } U{vgup} as shown in Figure 1. Now we see the following three cases:

Case 1 Let p +g = 0( mod 3) which implies p + q = 3t, for t > 3. So for the given case, we need to discuss the

following three subcases:
Case 1.1 If p = 0( mod 3) and g = 0( mod 3). We define h : Eg — {0,1,2} as:

0, ifl
h(ujujy1) = {2 g7

0, if1<j<d;
h(vjvjs1) = g ;

2, if+1<j<q-1.

Case 1.2 If p > g but p # 0( mod 3) and q # 0( mod 3). We define h : Eg — {0,1,2} as:

 h(vgup) = 2.
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0, if1<j<t—2

and h(uyuq) = 1.
2, ift-1<j<p—1; ()

h(ujujy1) = {
0, ifj=1

,h(vguy,) = 2.
2, if2<j<g-—1. (0qttp)

h(vjvjy1) = {

Case 1.3 If p < g but p # 0( mod 3) and g # 0( mod 3). We define 1 : Eg — {0,1,2} as:

0, ifj=1;

and h(uyuq) = 1.
2, if2<j<p—1; (upier)

h(ujujy1) = {

0, f1<j<t—2

,h(vu,) = 2.
2, ift—1<j<g—1. (©qtty)

h(vjvjy1) = {

So we obtain sum(0) = sum(1) = sum(2) = 2t. Thus [sum(xq) —sum(xz)| < 1for0 < x; < xp < 2.

Hence h is 3-TEPC labeling as discussed in Figure 4.

Figure 4. 3-TEPC labeling of Ty ¢

Case 2 Let p +¢g = 1( mod 3) which implies p + g = 3t + 1, for t > 3. So for the given case, we need to discuss

the following three subcases:

Case 2.1 If p = 0( mod 3) and g # 0( mod 3). We define i : Eg — {0,1,2} as:

0, ifl<j<it;
h(vjojp1) = g1 :

Case 2.2 If p # 0(mod 3) and g = 0( mod 3). We define i : Eg — {0,1,2} as:

0, ifl<j<it_1q;
? pjlj_. 3 and h(upuy) = 1.
2, 5 sjsp-1

g(ujuiy) = {

0, f1<j<i;

,h(vuy,) = 2.
2, iff4+1<j<q-1. (©gty)

h(vjvjy1) = {
Case 2.3 If p # 0( mod 3) and q # 0( mod 3). We define h : Eg — {0,1,2} as:

0, if1<j<
h(”j“j+1) = ) p,zj 3, and h(upuy) = 1.
2, B 41<j<p-1;

. . 2

0, if1<j< qT;

,h(vguy,) = 2.
2, ifT241<j<q-1 (©atp)

h(vjvjy1) = {

So we obtain sum(0) = 2t, sum(1) = sum(2) = 2t + 1. Thus [sum(x1) —sum(xz)| < 1for0 < x; < x5 <

2. Hence h is 3-TEPC labeling as discussed in Figure 5.
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Figure 5. 3-TEPC labeling of Tg 5

Case 3 Let p+q = 2( mod 3) which implies p +q = 3t +2, for t > 3. So for the given case, we need to
discuss the following three subcases:

Case 3.2 If p = 0( mod 3) and g # 0( mod 3). We define i : Eg — {0,1,2} as:

3  h(vgup) = 2.
]
Case 3.2 If p # 0( mod 3) and g = 0( mod 3). We define i : Eg — {0,1,2} as:

. . -2
0, 1f1§]§pT;

and h(upuq) = 1.
2, L2 41<j<p—1; (pin)

h(ujujy1) = {
0, if1<j<3;

,h(vu,) = 2.
2, ifl4+1<j<q-1. (vattp)

h(vjvjy1) = {

Case 3.3 If p # 0( mod 3) and g # 0( mod 3). We define h : Eg — {0,1,2} as:

0, if1<j<El;
) ?f pfl] _1 <3. and h(upuy) = 1.
, 1 T+ S ;

Sp_li

h(ujuji1) = {

=

0, ifl<j<is;

,h(vuy,) = 2.
2, It 4+1<j<g-1 (©atp)

h(vjvj41) = {

So we obtain sum(0) = 2t + 2, sum(1) = sum(2) = 2t + 1. Thus |sum(x1) — sum(xz)| < 1for0 < x; <
x < 2. Hence h is 3-TEPC labeling as discussed in Figure 6.

Figure 6. 3-TEPC labeling of Ty 5

O
Theorem 2. The book graph B, has 3-TEPC labeling.

Proof. Let Vg = {u,0,u;,v;,1 < j < gq}and Eg = {uu;,1 < j < gq}U{ov,1 <j < qpufup;,l <j<
g} U {uv} as shown in Figure 2. Now we see the following three cases:
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Case 1 Let g = 0 (mod 3) which implies g = 3t, for t > 1. We define h : Eg — {0,1,2} as:

Case 1.1 Now we define edge labeling if  is even:

0, ifl1<j<t 0, if1<j<t—1;
h(uu;) = ! *]*_ h(ujo;) = ! ]
2, ift+1<j<3t 1, ift<j<3t
0, fl1<j<t
h(vvj) =2, ift+1<j<3;  h(uv) =2
1, if¥d+1<j<3t

Case 1.2 Now we define edge labeling if ¢ is odd:

0, if1<j< 0, if1<j<t—1;
h(uu;) = sh=Is ,h(ujo;) = 1 !
2, ift+1<j<3t. 1, ift <j <3t
0, if1<j<t
h(voj) = 2, ift+1<j<3H huv) =1.

1, if 3 41 <j<3t

So we obtain sum(0) = sum(1) = sum(2) = 5t + 1. Thus |sum(x1) — sum(xz)| < 1for0 < x; < xp < 2.
Hence h is 3-TEPC labeling.

Case 2 Letq =1 (mod 3) which implies g = 3t + 1, fort > 1. We define h : Eg — {0,1,2} as:

Case 2.1 Now we define edge labeling if ¢ is even:

0,
h(vo;) = {2
0,
h(uuj) = <2,
1,

if1<j<t
ift+1<j<3t+1.°
if1<j<g
ift+1<j<3;

if 3 +1<j<3t+1.

Case 2.2 Now we define edge labeling if ¢ is odd:

0,
h(vo;) = {2
0,
h(uu;) = <2,
1

if1<j<t
,h(uiv

ift+1<j<3t+1

if1<j<t

ifr+1<j<3dL,

if 3 +1<j<3t+1.

h(u]v]) = {1

, h(uv) = 2.

if1<j<
ift4+1<j<3t+1.

if1<j<g
ifr+1<j<3t+1.

,h(uv) = 1.

So we obtain sum(0) = 5t + 2, sum(1) = sum(2) = 5t + 3. Thus |sum(x1) — sum(xz)| < 1for0 < x; <
x < 2. Hence h is 3-TEPC labeling.

Case 3 Letq =2 (mod 3) which implies ¢ = 3t + 2, fort > 1. We define h : Eg — {0,1,2} as:

Case 3.1 Now we define edge labeling if ¢ is even:

h(vvj) = { h(u/U]) = {
0, if1<j<t+1;

h(uuj) = 2, ift+2<j<3+1; ,h(uv) =0.
, i3 42<j <342

0,
2,

if1<j<t
ift+1<j<3t+2"

0,
1,

ifl1<j<t
ift+1<j<3t+2

—_
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Case 3.2 Now we define edge labeling if ¢ is odd:

0, f1<j<t; 0, if1<j<t+1;
h(vo;) = Br=J= ,h(ujo;) = ' JEE
2, ift+1<j<3t+2 1, ift42<j<3t+2.
0, if1<j<t
h(uuj) = 92, ift4+1<j< 3L, ,h(uv) =2.
, i 41 <j<3t 2

—_

So we obtain sum(0) = 5t + 5, sum(1) = sum(2) = 5t + 4. Thus |sum(x1) — sum(xz)| < 1for0 < x; <
x < 2. Hence h is 3-TEPC labeling.
O

Example 1. The graph By and its given 3-TEPC labeling as shown in Figure 7.

-
-
N}

N}

Figure 7. 3-TEPC labeling of Bg

Theorem 3. The flower graph Fl; has 3-TEPC labeling.

Proof. Let Vg = {u,u;,v;,1 < j <gq}and Eg = {uu;,1 <j < g} U{ujuj,1 <j<g-1pU{up,1 <j<
g} U{uj10;,1 <j<q—1}U{ugui} U{uio,} as shown in Figure 3. Now we see the following three cases:

Case 1 Letq = 0 (mod 3) which implies ¢ = 3¢, for t > 1. We define h : Eg — {0,1,2} as:

0, f1<j<t

and h(usziup) = 1.
1, ift+1<j<3t—1; (o)

h(ujujir) = {
0, f1<j<t—1;
h(ujq0j) = {

and h(uqv3) = 2.
2, ift<j<3t—1; (v123t)

0, f1<j<t+1; |
h(uu;) 2, ifr+2<ji<2t; ,h( ) 0, f1<j<t—1;
uu;) = , i < < . o) =
j ], i 2, ift<j<3t
1, if2t+1<j <3t

So we obtain sum(1) = 6t + 1, sum(0) = sum(2) = 5t. Thus [sum(x1) — sum(xz)| < 1for0 < x; < x5 <
2. Hence h is 3-TEPC labeling.

Case 2 Letg =1 (mod 3) which implies ¢ = 3t + 1, fort > 1. We define h : Eg — {0,1,2} as:

0, f1<j<t
1, ift+1<j<3t

h(ujujir) = {

and h(u]-ugtﬂ) =1.
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0, f1<j<t

and h(uqv = 2.
2, ift+1<j<3t (11031-+1)

h(”j+1vj):{
0, ifl<j<t+1;

h(uu]-): 2, ifr4+2<j<2t+1; rh<“jvj>:{
1, if2t+2<j<3t+1.

0, ifl1<j<t
2, ift+1<j<3t+1.

So we obtain sum(0) = 6t + 3, sum(1) = sum(2) = 5t + 2. Thus |sum(x1) —sum(xz)| < 1for0 < x; <
xp < 2. Hence h is 3-TEPC labeling.

Case 3 Letq = 2 (mod 3) which implies ¢ = 3t + 2, fort > 1. We define h : Eg — {0,1,2} as:

0, ifl1<j<t

and h(uzpiouq) = 2.
2, ift+1<j<3t+1; (tats2tr)

h(ujujir) = {

0, if1<j<
h(u;.q0;) = and h(uqv =1.
(uj119)) {1’ fEpl<j <3t (1103¢42)
0, f1<j<t+1; 0, f1<j<t+1;
h(uu;) = . . ,h(ujoj) = . .
2, ift4+2<j<3t42. 1, iff4+2<j<3tt2.

So we obtain sum(0) = 6t + 5, sum(1) = sum(2) = 5t + 4. Thus [sum(x1) — sum(x2)| < 1for0 < x; <
xp < 2. Hence h is 3-TEPC labeling.
O

Example 2. The graph Flg and its given 3-TEPC labeling as shown in Figure 8.

Figure 8. 3-TEPC labeling of Flg
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