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OSCILLATORY BEHAVIOR OF SECOND ORDER
NONLINEAR DIFFERENCE EQUATIONS WITH A
NON-POSITIVE NEUTRAL TERM
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ABSTRACT. We shall present new oscillation criteria of second order non-
linear difference equations with a non-positive neutral term of the for
Ala(®)(A(z(t) — p()z(t — k)))) + q(t)zP(t + 1 — m) = 0, with positive
coefficients. Examples are given to illustrate the main results.
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1. Introduction

This paper deals with oscillatory behavior of all solutions of the nonlinear second
order difference equations with a non-positive neutral term of the form

Aa(t)(A(z(t) = pt)a(t — k)))) +a(t)2”(t + 1 —m) = 0. (1)
We assume that
(i) v, B are the ratios of positive odd integers;
(ii) {a(®)}, {p(t)} and {q(t)} are positive real sequences for ¢ > g, and 0 <
p(t) <po<1;
(iii) k is a positive integer and m is a nonnegative integer;
(iv) h(t) =t —m+k + 1 < ¢, that is m > k + 1.
We let

v—1 1
A(v,u) = Z mav Zu 2 to,

S=u
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Oscillatory behavior of second order nonlinear difference equations 241

and assume that

A(t,tg) = oo as t — 0. (2)
Let 8 = max{k, m — 1}. By a solution of equation (1), we mean a real sequence
{z(t)} defined for all t > ¢, —0 and satisfies equation (1) for all ¢ > ¢y. A solution
of equation (1) is called oscillatory if its terms are neither eventually positive
nor eventually negative, otherwise it is called non-oscillatory. If all solutions of
the equation are oscillatory then the equation itself called oscillatory.
In recent years, there has been much research activity concerning the oscillation
and asymptotic behavior of solutions of various classes of difference equations see
[1,2,3,4,5,6,7,8,9, 10, 11] and the references cited therein. Meanwhile, there
also have been numerous research for second order neutral functional difference
equations, due to the comprehensive use in natural science and theoretical study.
Some interesting recent results on the oscillatory and asymptotic behavior of
second order difference equations can be found in [12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22]. However, it seems that there are no known results regarding the
oscillation of second order difference equations of type (1). More exactly existing
literature does not provide any criteria which ensure oscillation of all solutions
of equation (1). In view of the above motivation, our aim in this paper is to
present sufficient conditions which ensure that all solutions of (1) are oscillatory.

2. Main results

For t > T for some T > tg we let
p(t) = a (AL T) and Q(t) = q(s).

We begin with the following new result.

Theorem 2.1. Let conditions (i) - (iv) and equation (2) hold. If there exists a
positive non-decreasing sequence {p(t)} such that

lim sup <p(t)Q(t) - zt: |:p(s)q(5) - 7 alt—m+1) ((Ap(s))ul)])

s 2 T B\ ps)
= 00, ®3)
where
1, when f =,
t) = 4
9(t) {C(A('Y_ﬁ)/ﬁ(lt))7 when B >~ for some constant ¢ > 0, @
t—1
lim sup Z AP (n(t), h(s))q(s) > 1, when 8=~ (5)
t— oo s=h(t)
and
t—1
lim sup Z AP(h(t), h(s))q(s) > ¢ >0, when B> 7, (6)
t—oo

s=h(t)
then equation (1) is oscillatory.
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Proof. Let z(t) be a non-oscillatory solution of equation (1), say z(t) > 0, z(t —
m+1) >0, z(t — k) > 0 for t > t; for some t; > to. It follows from equation
(1) that

Ala(t)(Ay())") = —q(t)z’(t —m + 1), (7)
where y(t) = z(t) — p(t)xz(t — k). Hence a(t)(Ay(t))” is decreasing and of one
sign. That is, there exists a to > ¢; such that Ay(¢) > 0 or Ay(t) < 0 for ¢t > to.

We claim that Ay > 0 for ¢ > t5. To prove it, we assume that Ay(t) < 0 for
t > to. Then

a(t)(Ay(t)” < —¢ fort =1y,
where ¢ = —a(t2)(Ay(t2))” > 0. Thus, we conclude that

u(O) < ylta) =7 Y (),

s=to

By virtue of equation (2), tlim y(t) = —oo. Now, we consider the following two
cases: o
Case 1. If z(t) is unbounded, then there exists a sequence {¢,} such that

lim ¢, = oo where z(t,) = max{z(s) : to < s < t,}. Since t, — k > &
n—oo

for all sufficiently large n,
x(t, — k) = max{xz(s) : to < s < t, — k} <max{xz(s) : to < s < tp} = z(tn).
Therefore, for all large n,

Y(tn) = 2(tn) — p(tn)z(7(tn)) = (1 = p(tn))x(ts) > 0,
where 7(t) =t — k, which contradicts the fact that tlim y(t) = —o0.
—00
Case 2. If z(t) is bounded, then y(¢) is also bounded, which contradicts tlim y(t) =

—o0o. This completes the prove of the claim and conclude that Ay(t) > 0 for
t = ta.

Next, we have two cases to consider:

(I) y(t) > 0; (I1) y(¢) <0, for t > ts.

First assume that (I) holds. In view of equation (7) and z(t) > y(t) , we have

Ala(t)(Ay(t)7) < —a(t)y’(t —m +1) <0 (8)

It follows that
t—1

y(t) = ylt2)+ >

S=t2

> a @A) Y a(s)

s=to

= pu(t)Ay(t). (9)

(a(s)(Ay(s))") /7
al/’Y(S)
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Summing equation (8) from ¢ to u, letting u — oo and using the fact that y(t)
is increasing, we have

alt)(Ay(t) = Y q(s)y (s —m+1)
> Pl-m+) (Zq<s>>
= Q)P (t —m+1). (10)
Suppose that y(¢) > 0 for t > t5. Define
_aat)(Ay(t)”
w(t) = p(t)m for t > ts. (11)
Then, it follows that
a(t)(Ay(t))Y >
wlt) = o) LI > o) @q(s)) (12)

Aw<t>=A( p(0) )<a<t+1><Ay<t+1>>7>+A<a<t><Ay<t>>’Y>(y p(0)

yo(t —m) At —m)
Ap(t) t) \ Ayt —m)
< —eltett) + <p(t[:r 1)> wib+1) - <p(f+ 1)) y%(t —my EF L
(13)

By the corollary of the Keller chain rule, for 0 < 8 < 1, we have
1
ByP(t=m) =5 [ hylot —m-+ 1)+ (1= (e~ m))*~ Ay(e ~ m)dh
0

1
> ﬂ/ hy(t—m+ 1)+ (1— B)y(t — m+ 1)]7 Ag(t — m)dh
0
=By’ Mt —m+ DAyt —m), 0<B <1,

then using this in (13), we get

Aw(t) < —p(t)g(t) + ( Ap(t) ) w(t + 1)

p(t+1)
B p) \y' T (t—m+ DAyt —m)
*(3em) YAt —m) ¢+1)
oo (1 o) e

(14)
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And for > 1, we have

AyP(t—m) =B / (hy(g(t —m+ 1) + (1 — R)y(t — m))* ™ Ay(t — m)dh

1
=5 [yt —m) + (1= Wyle —m))" ™ Ayt~ m)dh
0
=Byt —m)Ay(t —m), B> 1,
then using this in equation (13), we get

Aw(t) < —p(t)q(t) + <pﬁ"fi)> wt+1)— B <p(f(fr)1)> A;“(/Et__rg)w(t +1).
(15)

Thus, by equation (14) and equation (15), we obtain equation (15) hold for all
B > 0. Since (a(t)(Ay(t))”) is decreasing, we have

Ay(t —m) - ( a(t) )1/7 and w(t+1) o w(t) (16)
Ay(t)  ~ \a(t—m) pt+1) = p(t)’
Using equation (16) in equation (15), we obtain
Ap(t t at) \Y7 [ Ay
Aw(t) < —p)a(t)+ (225 ) wie+ 1) -8 (£85) (7625) " (524 wie+
1).
Now,

1/~
SAUD = o (a1 () > e a1 () () e ().

Thus,

A
Aw(t) < —p(t)q(t) + (P(tpfl))) w(t+1) ~ al/"/(ﬁt—m) (p1+1f;g()t+1)) w0/ (t+
1>y(7—l3)/,3(t —m),

and so,
ault) < =p(oae)+ (-2 Y ule+ )
Bp(t)

_ 1/ 4+ D=8+ — m).
al/v(t —m)pt+/v(t + 1)w (t+ 1)y (t=m)

For the case 8 = v, we see that y(V=)/8(t) = 1 while for the case 8 > v and
since (a(t)(Ay(t)))" is decreasing, there exists a constant ¢ > 0 such that
(a(t)(Ay(t))) < ¢ for t = ts.
Summing this inequality from ¢5 to t — 1, we have
y(t) < y(ta) + VAR 1),
and thus,
y(vfﬁ)/ﬂ(t) > C(vfﬂ)/(ﬁw)A(wfﬁ)/B(t’tz) — C*A(vfﬁ)/ﬁ(t’ ts),
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where ¢* = ¢(7=P)/(87) Using those two cases and the definition of g(t), we get

Au() < o)+ (A ) ute+ 1

p(t+1)
_al/'y(t _ 75)'(;)(31/7@ T 1)g(t)w(1+v)/'v(t +1). (17)
Setting
—_ (_Lr(®) B Bp(t)
o <p<t+ 1)) O RS e A 1)
and using

+1
(N /Y ol B
Bu - Cu < (1_|_7)'y+1 ( (04 ’

(see [7]), we have

) v alt—m) ((Ap()
Aw(t) < —p(t)alt) + : ( )

(L+7y)7+t (Bg(t) P (1)
Summing this inequality from ¢s to ¢ — 1 we get
t—1

AT als—m) ((Ap(s)™
v i) = 2 o)~ e ()
Taking into account the equation (12), we find

wie) > p0010+ 3 o)~ s G ((Ai(g);ﬂ

s=to

Taking the lim sup of both sides in the above inequality as ¢ — oo, we obtain a
contradiction to the equation(3).
Consider now case (II). If we put z(t) = —y(t) > 0 for ¢t > t, then

2(t) = —y(t) = p(t)x(t — k) — 2(t) < p(t)z(t — k),

x(t—k) = z(t) or z(t) =z(t+ k).
Using this inequality in equation (
Ala(t)(Az(1))7) = q(t)

Clearly, we have Az(t) < 0. Now, for to < u < v, we may write

1), we have

)
Pt —m+k+1):=qt)?(h(t)). (18)

v

2(u)=2(v) = =Y (™7 (s)(a(s)(A2()))7) = Alv, u) (= (a(v)(Az(v))) /),

S=u

for t > s > to, setting u = h(s) and v = h(t) in the above inequality we get

2(h(s)) > A(h(1), h(s)) (~(a(h(t) (b)) 7).

Summing inequality (18) from w = h(t) > t2 to t — 1, we find
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Z(t) = —alh(t)(Az(h(t)))"
> (~a(h(t) (A2(h(H)) _;() AP (h(2), h(s)a(s)

_ 28h) z() AB(h(t), h(s))q(s),

and hence
t—1

ZVP 2 N AP(R(E), h(s))a(s)-
s=h(t)
Taking limsup of both sides of this inequality as ¢ — oo, we arrive at a con-
tradiction to equation (5) when S = + and equation (6) when 8 > ~. This
completes the proof. O

We note that Theorem 2.1 holds when Q(f) < oo and the additional term
p(t)Q(t) in equation (3) may improves some of the well-known existing results
appeared in the literature. In the case when Q(¢) does not exists as t — oo, we
see that equation (3) can be replaced by

- — Sals) 2 alt=m+1) (Ap(s))"H C
h?iiopz[p( )a(s) (L+y)+t (Bg(s)) ( p(s) )}— . (19)

s=to
and the conclusion of Theorem 2.1 holds.
For the non-neutral equations, that is, equation (1) when p(t) = 0 and ¢(¢) is
either non-negative or non-positive for all large ¢, equation (1) is reduced to the
equation

A (a(t)(Az(t)?) + dq(t)zP (t+1—m) =0,
where § = +1. From Theorem 2.1, we extract the following immediate results.

Corollary 2.2. Let conditions (i)-(iii) and equation (2) hold. If there exists a
positive function p(t) and Ap(t) = 0 such that equation (3) holds, then equation
(1,+1) is oscillatory.

Proof. The proof is contained in the proof of Theorem 2.1-Case (I) and hence is
omitted. 0

We note that Corollary 2.2 is related to some of the results in [4, 5, 6, 12, 13,
14, 15, 16, 17] and the references cited therein.

Corollary 2.3. Let conditions (i)-(iv) and equation (2) hold. If equation (5)
or (6) holds, then every bounded solution of equation (1,—1) is oscillatory.

Proof. The proof is contained in the proof of Theorem 2.1-Case (II) and hence
is omitted. O

The following examples are illustrative.
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Example 2.4. Consider the neutral equation

2

Here, k = 3 and m = 8 and so, h(t) =t — 3. All conditions of Theorem 2.1 with
equation (3) be replaced by equation (19) are satisfied and hence equation (20)
is oscillatory.

A? (a:(t) - 1x(zt - 3)) +8z(t—17) =0. (20)

Next, we present the following interesting results.

Theorem 2.5. Let the hypotheses of Theorem 2.1 hold with Ap < 0 fort > tg
and equation (3) be replaced by

t—1
limsup | p(t)Q(t) + > p(s)als)| = oo (21)

Then equation (1) is oscillatory.

Proof. Let z(t) be a non-oscillatory solution of equation (1), say z(t) > 0, x(t —
k) >0, x(t —m+1) >0 for t > t;. Proceeding as in the proof of Theorem 2.1,
we conclude that Ay(t) > 0 for ¢ > t; and we have two cases to consider: (I)
y(t) > 0 or y(t) <0 for t > to.

Case (I). Suppose that y(t) > 0. As in the proof of Theorem 2.1, we obtain (16).
Thus,

Aw(t) < —p(t)q(t).
Summing this inequality and using equation (10) we arrived at the desired con-

tradiction. 0

Example 2.6. Consider the neutral equation
1
A? (:c(t) - 5ac(zf - 1)) +x(t—1)=0. (22)

Here, k = 1 and m = 1 and so, p(t) = t. All conditions of Theorem 2.1 with
equation (3) be replaced by equation (21) are satisfied and hence equation (22)
is oscillatory.

In the following theorem we employ different approaches to replace equation (3)
in Theorem 2.1.

Theorem 2.7. Let the hypotheses of Theorem 2.1 hold with v < 1, and equation
(3) be replaced by

— a/7(s —m s))?
imsup 020 + 3 ete) S | = oo

s=tg

(23)

Then equation (1) is oscillatory.
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Proof. Let z(t) be a non-oscillatory solution of equation (1), say z(t) > 0, z(t —
k) >0, z(t —m+1) >0 for t > t;. Proceeding as in the proof of Theorem 2.1,
we conclude that Ay(t) for ¢t > to and y(t) satisfies either (I) or (II) for ¢ > to.
If (I) holds, then as in the proof of Theorem 2.1, we obtain (17) and using (12)
we get

Au(t) < —p(t)a(t) + (RE%) w(t+1)

Bp(t
- al/’v(t_m+f)(p)1+1/7(t+1)‘g(t)w1+1/’y(t +1)

< —p(t)a(t) + (A ) w(t+1)

- all/~ (t_fnp_;’(_tl))p2(t+1)g(t)Ql/’y_l(t + 1)w2 (t + 1)

= _p(t)Q(t) - (\/al/w(t,i’iﬁtl))pz(t+1)g(t)Q(l/’Y)il(t + 1)w(t + 1)

_ pGH1) )2 a7 (t—m+1)(Ap(1))
1/~v—1
\/al/’Y(tfﬁi(rtl))pz(t+l)g(t)Q(l/’Y)il(t‘i‘l) 4a(Dp(MQT/THEH)
Y (t=m+1) (Ap())?
< —p(t)g(t) + 4gg(t)(p(t;22“/)7(>*p1((t21)'

The rest of the proof is similar to that of Theorem 2.1 and hence is omitted. [

Example 2.8. Consider the neutral equation

A? (x(t) — %w(t - 2)) +z(t —3) = 0. (24)

Here, k = 2 and m = 4 and so, v = 1, p(t) = t. All conditions of Theorem 2.1
with equation (3) be replaced by equation (23) are satisfied and hence equation
(24) is oscillatory.

Next, we present the following new and easily verifiable oscillation criteria for
equation (1).

Theorem 2.9. Let conditions (i)-(iv) and equation (2) hold. Assume that equa-
tion (5) and
limsup AP (t —m + 1,0)Q(t) > 1 (25)

t—o0
hold when B8 = ~, and equation (6) and
limsup A% (t —m + 1,10)Q(t) > 0 (26)

t—o0

hold when B < v, then equation (1) is oscillatory.

Proof. Let z(t) be a non-oscillatory solution of equation (1), say x(t) > 0, x(t —
k) >0, x(t —m+1) > 0 for t > t; for some t; > ty. Proceeding as in the proof
of Theorem 2.1, we conclude that Ay(t) > 0 for t > ¢, and y(t) satisfies either
(I) or (II) for ¢t > to. If (I) holds, then as in the proof of Theorem 2.1, we obtain
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(9) and (10). Using the facts that o(¢) < t is decreasing, we find
w(t) = a(t)(Ay(t))" = Q) (r(t))(Ay(t — m +1))°
= QWK (t —m+1)(a™?/7(t —m+1))(a(t —m+ 1) (Ay(t —m+1))7)"/
> Q(t)uf (t —m +1)(a™ 7 (t —m+ 1)) (a(t)(Ay()")

= QUK (t —m+ D)@/ (t —m + 1) wl/ (1),

w =P (t) = QUpP(t —m+1) (a7 (7(1)

t—m—+1

—o0 (' &

S:tz

B
a_1/7(5)> = AP(t —m+ 1,12)Q(1).

Taking limsup of both sides of this inequality as ¢ — oo, we arrive at a contra-
diction to equation (25) when 8 = v and equation (26) when 8 < . The proof
of case (II) is similar to that of Theorem 2.1 and hence is omitted. 0

Example 2.10. Consider the neutral equation

A <A <x(t) - %x(t - 2)))2 +a(t—3) =0. (27)

Here, k = 2 and m = 4 and so, v = 2, 8 = 1. Equation (26) of Theorem 2.5 are
satisfied and hence equation (27) is oscillatory.

For equation (1) with advanced argument, we present the following result.

Theorem 2.11. Let 7(t) > t, conditions (i)-(iii) and equation (2) hold. Assume
that the conditions

limsup A(t, t)QY/ 7 (t) > 1, (28)

t—o00

t—1 ¢ 1/y
lim sup Z <a(1u) Zq(s)) > 1 (29)

t—o00 u=h(t)

hold when v = 8 and the conditions
lim sup A(t, t0)Q"/7 () = oo, (30)

t—o0

hold when B < v, then equation (1) is oscillatory.



250 S. R. Grace, S. Sun, L. Feng, Y. Sui

Proof. Let z(t) be a non-oscillatory solution of equation (1), say z(t) > 0, z(t —
k) >0, z(t —m+1) > 0 for t > t; for some ¢; > tg. Proceeding as in the proof
of Theorem 2.1 and consider the two cases (I) and (II). First, suppose case (I)
holds. From equation (10), we have

(Ay(t) > (Q@

a(t)>y5(t—m+1),

or

1/~
Ay(t) > (2((:))) YAt —m 4+ 1).

Using above inequality in (9), we get

y(t) = pt)Ay(t)

o 1/y
> p(t) <alzq(8)> v (t—m+1)

> A(t,tz)Ql”(_t)yﬁ”(t),
or
Y P () > At 1)@V ().

Taking limsup of both sides of this inequality as ¢ — oo, we arrive at a con-
tradiction to equation (28) when 8 = v and equation (30) when g < . If (II)
holds, then as in the proof of Theorem 2.1-Case (II), we obtain equation (18).
Summing this inequality from w to t — 1,

t

(a()(Az(1)” = (alu)(Az(w))” = Y als)=" ((s))

S=u

or

t

t 1/~ 1/
~Ax(u) > (C@Zq@zﬁ(h(s))) > (a(ﬁozqw)) 1(h(t)).

S=u

Summing this inequality from h(t) > ts to t — 1, we arrive at a contradiction to
equation (29) when 8 =+ or equation (31) when g8 < 7. O

Example 2.12. Consider the neutral equation

A (A (x(t) - %m(t - 2)))2 +2a(t—3) = 0. (32)

Here, £ = 2 and m = 4 and so, v = 2, § = 1. Condition (30) and (31) of
Theorem 2.5 are satisfied and hence equation (32) is oscillatory.

We may note that corollaries similar to Corollaries 2.2 and 2.3 can be also drawn
from Theorems 2.5 and 2.7. The details are left to the reader.
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3. Conclusion

We present seven sufficient conditions which ensure that all solutions of (1) are
oscillatory. The corresponding examples are given to illustrate the significance
of the results. From this, the oscillation criteria for the n order equation are
similar.
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