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Abstract

In this work, we consider a nonlinear epidemic model with temporary immunity and saturated incidence
rate. Size N(t) at time t, is divided into three sub classes, with N(t)=S(t)+I(t)+Q(t); where S(t), I(t) and
Q(t) denote the sizes of the population susceptible to disease, infectious and quarantine members with the
possibility of infection through temporary immunity, respectively.

We have made the following contributions:

1. The local stabilities of the infection-free equilibrium and endemic equilibrium are; analyzed,
respectively. The stability of a disease-free equilibrium and the existence of other nontrivial
equilibria can be determine by the ratio called the basic reproductive number,

2. This paper study the reduce model with replace S with N, which does not have non-trivial periodic
orbits with conditions.

3. The endemic -disease point is globally asymptotically stable if Ry ~1; and study some proprieties of
equilibrium with theorems under some conditions.

4. Finally the stochastic stabilities with the proof of some theorems.

In this work, we have used the different references cited in different studies and especially the writing of
the non-linear epidemic mathematical model with [1-7]. We have used the other references for the study
the different stability and other sections with [8-26]; and sometimes the previous references.

*Corresponding author: E-mail: chahrazed2009@yahoo.fr, laid-chahrazed@umc.edu.dz.
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1 Introduction

This paper considers the following epidemic model with temporary immunity and saturated incidence rate.

(B + k)S(H)I(t)
1+ bI(t)

= Gy + (1) = AT (1), M

S = p+Xr—v—(u+dS(t) -

(B + k)S(t)I(t)
1+ bI(t)

Q1) = A1 (t) — ve™ Q(t — 7) — (4, + 4)Q (t).

Fyet Q- 7).

I(t) =

Consider a population of size N (t) at time t, this population is divide into three subclasses.

With N (t) = S (t) + I(t)+Q(t). Where S (t), I (t), and Q (t) denote the sizes of the population susceptible to
disease, and infectious members, quarantine members with the possibility of infection through temporary
immunity, respectively. The positive constants p, p;, and p, represent the death rates of susceptible,
infectious and quarantine. Biologically, it is natural to assume that u< min {y,, po}. The positive constant d
is natural mortality rate.

The positive constants p represent rate of incidence. The positive constant k is the rate of unknown members
infected, which is detect by the system.

The positive constant y represent the recovery rate of infection. The positive constant 3 is the average

numbers of contacts infective for S and I. The positive constant v is the parameter of emigration. The
positive constant A is the parameter of immigration.

The term ~e™"Q(t — 7) reflects the fact that an individual has recovered from infection and still are alive
after infectious period t, where 7 is the length of immunity period and, b is saturation constant.

The initial condition of (1) is givens as:

Sm)=@,(n), 1(n) = B,(n), An) = P4(n),—7 <n <0. ©)

Let C denote the Banach space C ([, 0], R®) of continuous functions mapping the interval

[-t, 0] into R®. With a biological meaning, we further assume that
®.(n) =o,(0)>0,fori=1,2,3.

Hence, system (1) rewritten as:
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: . (B + k)SI _ (3)
I(t)——1+b1 (b +d+ I,

Qt) = 71— 7™ Qt — 7) — (u, + d)Q.

With the initial conditions (2) where,

®.(0) > 0,—7 <75 <0,fori=1,2,3. )

p+ A -

(5,1, )e R* .8 + T +Q < N< . " . .
potd is positively invariant set of (1).

The region v {
2 Mathematical Model
We have, N=S +I + Q, then,

N=p+tA—v—puS—ml— Q- dN
We replace S withS = N — I — @) ; we obtain:

N=p+i—v—(u+dN —(u — I —(n, — p)Q ®)
Then the system (3) can be write as:

_ B R)Ww -1 - Q)t

1+ 01 — o d T ]
Q= 7yI— 7e™"Q(t = 7) = (py, + 4)Q, ©)
N =p+X—-—v—(p+d)N — (g, — p)I = (p, — p)Q.
We calculate the points of equilibrium in the absence and presence of infection.
In the absence of infection =0, the system (6) has a disease-free equilibrium E.
AANA
+A—v

E,=(N,1,Q)" =2=2"" 0,0)". (7)

w+d

Theorem 1

The disease-free equilibrium Eq of the system (6) is locally asymptotically stable if Ro< 1 and E: is the
unique positive endemic equilibrium point which exists if Ro> 1.

Proof

The eigenvalues can be determined by solving the characteristic equation of the linearization of (6) near E,.
Therefore, the eigenvalues are:

10



Chahrazed; ARJOM, 16(7): 8-19, 2020, Article no.ARJOM.53645

(B+E)(p+A—v)
uw+d

A1: - (H+d)7A2: - (/1'1 +d + '7)7A3: - (HQ +d + ’VC_LLZT)' (8)

In order to A, will be negative, and then we define the basic reproduction number of the infection Ry as
follows:

R — 6+ k Xp+)\fl/
0 o +d+y n+d

(€))
If Ro<1, A,<O0.

We have A;<0, A,<0, and A3<0, if Ry<I.

Then E, of the system (6) is locally asymptotically stable.

In the presence of infection [#0, substituting in the system, Q also contains a unique positive, endemic
equilibrium

* x ok x\T
E = (ST,IT,QT) Vi=123. Where

* 1 *
NT:M_Fd[(er/\fz/)faZIT,
[ (Ro — 1)(#1 + d + 7)

(py + d 4+ )b + (B + k)a,
Q! = a1, (10)
a, = i ,

py + d + yet2T

(hy = p)v
a, = p; — p + 2 Tt
By + d 4+ ye:
@,

a, = + 1 + a,.
' pw o+ d

So E: is the unique positive endemic equilibrium point which exists if Ro>1.0

3 Mathematical Analysis

Lemma 1

N - Pt A v
The plane n o+ d s an invariant manifold of (6), which is attracting in the first octant.
Proof

N(t)= £FA v
We have, # + d > which is the solution of (6), then

. P+ A

A N = b

We reduce system (6), and then we have:

11
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B+ RN -1-@Q)I
1+ bl

Q= I — e Qt — 1) — (ny +d)Q = Ly(1,Q),

I =

=y +d+ 12 L(LQ), (12)

Theorem 2
b(p, +d+7)
+ k

System (12) does not have nontrivial periodic orbits if >—1.
Proof
We have, system (12), for >0 and @ >0. The dulac function [20], is the following,

1+ b
PU@) = 13)

Using (13) into the system (12) we obtain,

a(DL,) g b(py, + d + v) (14)
a1 8+ k

d(DLy) [+ bI)(py + dye™T) (15)
2Q (B + kI

In addition, (13) and (14) we obtain,

9(DL)  9(DLy) _ ’1 Lobl +d ot 7)]7 (14 bI)(p, + dye™) (16)
a1 9 Q 5+ k (B + k)1

d(DL,) N d(DL,) “0 a7
oI aQ '

Theorem 3.

If 1, > 1, then the endemic -disease point E: is globally asymptotically stable.
Proof
With the dulac function, in (13), and with the same proof into Theorem 2, we obtain (16).

Hence, according to (17), the system (12) has not periodic orbits. Since (12) admit only two equilibriums Eq

and E: When Ro> 1 and E, is unstable, hence by Poincare- Binedixon theorem [20], E: is globally
asymptotically stable. -B

3.1 Properties of Equilibriums

In order to study the properties of the disease-free equilibrium and the endemic equilibrium, we rescale (12),

as following:

12
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BB Bk
:LLQ + d + ,Ye'lLQT :LLZ + d + ,Ye'HQT

T = (1 +d + et (18)

Using (18) into system (12), we get a new system, which is define as follows:

dz z ><(ﬂ+)\7y)(“8+k‘)77'7y7( uy +d + .
dr ot T v — o
1+(u2+d+wezw oy + d + e My + d + ye (19)
6+ k
d
l:(%)w,%
dr fy + d + ye2

The system (19) has a disease-free equilibrium Eo, which is the same point of system (6).

The unique positive equilibrium (x*, y*) of system (19) is the endemic equilibrium B+ of model (6) if and

only if:
(p+)\fl/)(ﬁ+k)7( wy +d+ v >0 (20)
oy +d + yeT Hy +d + ye™eT
Where,
g A B k) -y +d A )
(u2+d+ye’“27)(7“1;jk+W+1)+77 21

py + d + yet”

We first determine the stability and topological type of (0, 0). The Jacobian matrix of system (19) at (0, 0) is

(p+ A —v)(B + k) py +d + v 0
M. = Py + d + yeeT oy + d 4+ yeteT _
N, .
oy + d 4+ ye el
If(p + A = v)(B + k) (— +d + v _ 0> then there exists a small neighborhood Ny of (0, 0)
o + d + ye T py + d + ye 2T
such that the dynamics of system (19) are equivalent to that
dz 9 9
d_ = -z + 0((.’1),:1/) )7
0 (22)
L= i )T =y

ar p, +d 4 yet’
By [20], we have (0, 0) is a saddle-node.

Theorem 4

The disease-free equilibrium (0, 0) of (19) is

13
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1. a stable hyperbolic node if;
wy +d+ vy (Pt A —v)(B + K)

> 0,
Hy + d + ye T Hy + d + ye T
2. asaddle-node if;
wy +d+ vy _(/)«1»)\71/)(“'3+k):0~
fy + d + ye™T fy + d + ye™T
3. ahyperbolic saddle if;
py +d+ vy _(p+)\71/)(ﬁ+k)<0v
py + d + yeT py + d + ye2T
Theorem 5
Let R be defined by (9)

1. If Ry < 1, then system (6) has a unique disease-free equilibrium defined by (7), which is a global

attractor in the first octant.

2. IfRy =1, system (6) has a unique disease-free equilibrium defined by (7), which attracts all orbits in

the interior of the first octant.

3. IfRy> 1, then model (6) has two equilibria, a disease-free equilibrium defined by (7) and an endemic

equilibrium defined by (10), the latter who is a global attractor in the interior the first octant.

4 Stochastic Stabilities

The system (3) transformed to the It6 Stochastic differential equations. We replace (B+k) by (B+k) +ac (t)

where c (t) is white noise.

(B + k)SI byt S1
s = A - v - dys — YT BI20 L et (t — dt— o —22—
lp+ v (p + d) T b1 + e Q ( T) a1+bl
ar = B PSS g o e o —3 e,
1+ b1 1+ bl
dQ = [71— ve ™ Q(t — 1) — (py + 4)Q ]dt.

Theorem 6

The set Q is almost surely invariant by the stochastic system (23). Thus if (So, Iy, Qo) € Q,
then P [(S, I, Q) € Q] =1.

Proof

The system (23) implies that AN < [p FA—v—(p+ d)N]dt , and then we have for all t >0;

e*(uﬁ»d)t

N(t)glp+/\7u+[N07p+/\fu

w+d o+ d

Since (So, I, Qo) € Q, and then we have for all t >0;

(23)

14
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N < LEAZY
(t) < T 24)
There exist £5>0, such that S>¢¢>0, [>€,>0 and Qy>¢¢>0. Considering
T = inf{t >0, S(t)<eorI(t)<eor Qt) < 57}, for e < g, 25)
T = flLIIOlCTE = mf{t >0, S(t) <0 or I(t) <0 or Q(t) < O},
A—v p+A—v p+A—v
Let V(t) = log L] —] p —]
(b + d)S(t) (n+d)(t) (1 + d)Q(t)
Then, using It6 formula we have, forallt>0and U € [t A Tg]
ptA-w 4) e QU (B W)U
sy Pt e e T
_|_B+ kSU) . _2IW) T PR (U0 I £ 0 N O
V) = Trer U A ) e dU+| i) “Tr ey W)
1 I1%(U) 1 S2(U)
+(py + d) + — + =
R 2(14 b1 2(1+ b1
Then we have,
(B + K)IU)
R (h+d)+ T ) +(m+d+7)+(uz+d)dU a(I(U)—S(U))d . (26)
R Y S L (10 N W LIS N TG R
2(1+ 1)) 2(1+bIU))
With (24), we have S(U), I(U),Q(U) € |0,2T A= 2|
(n+d)
Forall U € [t AT.],
v L BB HA=) (prA-v)
M, = ; 3d Ha 27
L=ty g+ 3d oy e+ P [ 1 27
We replace (27) into (26), then
(U) - SU
dV(U) < M,dU + (1) - 5W)) de(U) (28)
1+ bI(U)
With integration to (28), we obtain
U
I -5
V(U) < MU + af M de(w)
f 14 bI(w)
By [17], we have } (I(w) = S(w)) (w) is a mean zero process, then,
| 1+ bI(w) i
EV(U)) < MU (29)

15



Chahrazed; ARJOM, 16(7): 8-19, 2020, Article no.ARJOM.53645

Forallt>0andU € [t/\TE],

S(tAT.),I(tAT.), and Q(t A T.) € [0,

Then

p+ A—v

nw+ d ]

0<E(VEAT))S M (tAT,) < Mt

Where \If[i <t] is the indicator function of a[TE < t].

(V(t)x qJ[T‘S,])Jr E(V(t)x \ymﬂ])

E
P+ A - 30)
E(V({AT))=> E(V(t)x W[T‘St])z P(T. < t)log[m]
Combine (29) and (30), we obtain for all t > 0, the following
P(T. < t) < M.t
SR T e Sy b
SUoh o+ d)e
Forallt>0,e — 0, P(T <t) =0,
P(T' <o0)=0.0
Theorem 7
2 2 . ptA—v
If (B + k)* — 2a" (1w + d) < 0, S (t) converge exponentially almost surely to T
n+
Proof
We use [t6 formula to the first equation in system (23), we obtain
p+ AN —v _ (p + d)S B (ﬁ+k)>< SI 4 ye 2T Q
S—p+)‘7" Sier)\—v 1+ bl S—p+)\7" S*p+)\7'/
d1oels P+ A u o+ d u o+ d ) no+d uwo+ d W
Foe n o+ d - )
3" = Y
_pr AV
(1+b0)|S T
B a S1
S p+ AN - 1+ b1
pwo+ d
i (B + k) S1 ye T Q
(n + d) 1+b1X57p+Afy+57p+Afy
dlog |S P+ A v por ne dt
w o+ d
B LX aSI
2 (1 + v1)|s — 2+ 2 v
w o+ d
B a S I .
g _ P+ A= L+ I '
w o+ d

16
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Then
—(h o+ d) - (B + k) x ST
(1+u)[sf”++d”
dloe |S ﬂ+)\;1/: ZH i
B+ L, ST
2 . p+ A - v
(1 + bI)|S T }
B a S1I de
g _ P+t A - v 1 4+ bl
’ po+ d
We suppose that
1 SI
Gly)=—za’y? = (B+k)y - (n+d)y = : 32
2 <1+b1)57p+)\71/ (32)
po+d
If the determinant of the equation is negative, then for all x.
A . 2 2
G(y) < = dt,withA = (8 + k)* — 2a°(u + d) (33)
a
We have
dlog|s —2FAZV] &4 a w S e
w+d a? o ptA-v 1401
w+d
With integration, we obtain
t
— 1
log| S — prAr-v < édt — af S(w) X (w) de(w).
w+d a? 1+ bI(w) p+A—v
0 S(w) — ————
p+d
Since
t
lim f S(bw) « I(w) - de(w) , almost surely.
tooo g 14 bI(w) S(w) p+A—v
w+d
Therefore
. 1 p+ A —v A
;linalc Sup ;log[S — 7# T d < {7 (34)

S (t) is exponentially almost stable.o

5 Conclusion

This paper addresses an epidemic nonlinear model with temporary immunity and saturated incidence rate,
whenever the quarantine individuals will return to the susceptible. We study mathematical model with

17
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system (6) which have a disease free equilibrium E; defined in (7) and the endemic equilibrium E: defined
in (10). It founded that the disease free equilibrium to system (6) is locally asymptotically stable if, R, <1,

and the existence of endemic equilibrium if [, > 1, with the basic reproduction number of the infection Ry
is defined in (9). The analysis mathematical study the reduce model in (12), which does not have non trivial

periodic orbits in theorem 2, under condition, and theorem 3 who says that the endemic -disease point E: is

globally asymptotically stable, if R, > 1, and study the properties of equilibriums to the model (19) with

theorems under some conditions. Finally stochastic stability of system (23), which study theorem 6 who says
that Q is almost surely invariant thus if (So, Lo, Qo) € Q, then P [(S, I, Q) €Q] = 1, and theorem 7 which

proof that , S (t) converge exponentially almost surely to £+ A~ ¥ under condition.
p+d
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