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Abstract 

 
The mean value estimation of arithmetical function is closely related to many problems in number theory. Let 

f
 be an arithmetical function satisfying some conditions. Let  r  be the integral part of r . This paper proves 

that the asymptotic expression  

( )  ( )  ( )1
: / / /

k

f

n y

S y f y n y n
−



= (𝑘𝜖ℕ+)  and the error term of this asymptotic formula is 
( )y

. The 

arithmetical function in this paper satisfies certain conditions, and the Dirichlet hyperbolic principle is used in 

the proof of the conclusion. With the different values of the independent variable of the function, the function 

value of the arithmetical function is often irregular, and the property of the mean value of the arithmetical 

function is more regular than that of the arithmetical function itself. Therefore, with the help of the mean value 

estimation results of the arithmetical function, we can have a deeper understanding of the nature of the 

arithmetical function itself, and then provide ideas for solving more problems. 
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1 Introduction 
 

Generally,  is called Euler totient function. is called the sum of divisors function. 

 is called the Riemann function.  is called the integral part of . In 2019, Bordellès, Dai, Heyman, Pan 

and Shparlinski [1] proved that 

 

                              (1) 

 

for . In 2019, Chern [2] improved the upper and lower bounds of  and obtained that  

 

      (2) 

 

for . In 2019, Wu [3] estimated the bound of  by using the method of exponential sum and 

obtained that  

 

      (3) 

 

for . In 2020, using the theory of exponential pairs [4] and the Vinogradov method [5], Zhai [6] proved 

that  

 

      (4) 

 

for . Owing to  and  have analogous properties, it is meaningful to study the asymptotic 

behaviour of . In 2021, Zhao and Wu [7] proved that  

 

        (5) 

 

for . In 2022, Ma, Wu and Zhao [8], defined arithmetical function  by Dirichlet convolution for general 

arithmetical function , and obtained the asymptotic estimation results of  when  satisfies certain 

conditions. In 2023, Ma and Sun [9] used the method of three-dimensional exponential sum to obtain that 

 

      (6) 

 

for ,  (here , , ,  are some given arithmetical functions with similar product 

structure) and any . In 2023, Li and Ma [10] defined the arithmetical function  by Dirichlet convolution 
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for the general arithmetical function , and obtained the asymptotic estimation results of 

 when  satisfies certain conditions.  

 

Naturally, according to the cognitive law from special to general, we consider whether we can get a more extensive 

conclusion. In this paper, we consider the asymptotic estimation results of ( )  ( )  ( )1
: / / /

k

f

n y

S y f y n y n
−



=

(𝑘𝜖ℕ+) and the asymptotic form of the remainder when the number theory function  satisfies certain conditions.  

 

Inspired by [11], let , ,  be three increasing functions defined on  such that when ,  

 

( )1 it y ≪ ( ) ( )3  1,2,3 ,   iy i t y


= → ,        (7) 

 

where  is a constant on . 

 

Let  be an arithmetical function, define 
kf id z=  (𝑘𝜖ℕ+) , and assume that  satisfies the following 

conditions: 
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where  is a constant (can be equal to 0 ). Then we get the following results.  

 

Theorem 1.1 (i) For any constant , (𝑘𝜖ℕ+), we have  
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for  and , where , and  

 

, 

 

where the implied constant is only related to .  
 

(ii) If there exists a positive constant  such that the condition  or 

 holds for infinitely many primes , then the remainder  of  is 
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2 Lemmas 
 

In order to prove the theorem, some lemmas are required. Define .  

 

Lemma 2.1[12] For ,  and , there are positive numbers  

and  such that  
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Lemma 2.2[7] Let , . Let be the total variation of  on 

. Then we have 
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where the implied constant is absolute. 
 

Lemma 2.3 (i) Let  satisfies the conditions (9) and (10), we can obtain 
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for  and , where and  
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(ii) we have  
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for . 

 

Proof. Using  and Dirichlet hyperbolic principle, we can write 
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where  is defined by (13), and the first term of (16) can be calculated by using the condition (10). 
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Substituting the results of (17), (18) and (19) into (15), we can get (12).  
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Letting ( )/v y gn= , we can get
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Using the same proof idea, we can get that  has the same bound. 
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.    (26) 

 

Using Lemma 2.3 (ii) and integration by parts, we can write the sum of the first term of (26) as 
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. 

According to the condition (8), we can get 
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,     (33) 
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Finally, using condition (8) to estimate , we can get  
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From (25), (29), (33) and (34), we get (11). 
 

3.2 Proof of theorem 1.1 (ii) 
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Suppose that  holds for infinitely many primes , then for every prime  there is 

. 

 

By using assumption  and condition (10), it can be obtained that for each prime , 

there is 

 

. 

 

So for each prime , we have . 

 

In summary, the remainder of  is . 

 

As applications, if  in the theorem of this paper, the theorem in Ma, Wu and Zhao[8] can be obtained. If 

 in the theorem of this paper, the theorem in Li and Ma[10] can be obtained. 

 

4 Conclusion 
 

In this paper, the asymptotic formula of ( )  ( )  ( )1
: / / /

k

f

n y

S y f y n y n
−



= (𝑘𝜖ℕ+) and the asymptotic form of 

the remainder are proved by using Dirichlet hyperbolic principle, which provides the results for the mean value 

estimation of more arithmetical functions, and also provides the idea for calculating the mean value estimation 

results of arithmetical functions.  
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