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Abstract: The equation v = v0 +
∫ t

0 (t− s)λ−1v(s)ds is considered, λ 6= 0,−1,−2... and v0 is a smooth function
rapidly decaying with all its derivatives. It is proved that the solution to this equation does exist, is unique
and is smoother than the singular function t−

5
4 .
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1. Introduction and formulation of the result

L et

v(t) = v0(t) +
∫ t

0
(t− s)λ−1v(s)ds, λ 6= 0,−1,−2, .... (1)

where v0 is a smooth functions rapidly decaying with all its derivatives as t → ∞, v0(t) = 0 if t < 0. The
integral in (1) diverges in the classical sense.

Our result can be formulated as follows.

Theorem 1. The solution to equation (1) for λ = − 1
4 does exist, is unique and less singular than t−

5
4 as t→ 0.

Proof. We define the integral in (1) as a convolution of the distribution tλ−1 and v. The space of the test
functions for this distribution is the space K := C∞

0 (R+) of compactly supported on R+ := [0, ∞) infinitely
differentiable functions φ(t) defined on R+ := [0, ∞). The topology on this space is defined by countably many
norms supt≥0 tm|Dpφ(t)|. A sequence φn(t) converges to φ(t) in K if and only if all the functions φn(t) have
compact support on an interval [a, b], a > 0, b < ∞ and φn converges on this interval to φ in every of the above
norms. Let us check that tλ−1 := tλ−1

+ is a distribution on K for λ < 0, i.e., a linear bounded functional on K.
Let φn ∈ K and φn → φ in K. If λ < 0 then maxt∈[a,b] tλ−1 ≤ aλ−1 + bλ−1. Thus,

|
∫ ∞

0
tλ−1φn(t)dt| ≤ [aλ−1 + bλ−1]

∫ ∞

0
|φn(t)|dt,

where a > 0 and b < ∞. Since φn → φ in K, we have

∫ ∞

0
|φn(t)|dt→

∫ b

a
|φ|dt.

So, the integral
∫ ∞

0 tλ−1φ(t)dt is a bounded linear functional on K and tλ−1 is a distribution on the set of
the test functions K for λ 6= 0,−1,−2, ....

The integral in (1) is the convolution tλ−1 ? v. This convolution is defined for any distributions on the
dual to K space K′. This is done in [3], p.57. For another space of the test functions K = C∞

0 (R) this is done in
[2], p.135.

It is known, see e.g. [1], p.39, that
L( f ? h) = L( f )L(h), (2)

where L is the Laplace transform, and f , h are distributions on K.
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Let us calculate L(tλ−1) using the new variable s = pt:

L(tλ−1) =
∫ ∞

0
tλ−1e−ptdt =

∫ ∞

0
sλ−1e−sdsp−λ = Γ(λ)p−λ, λ 6= 0,−1,−2... (3)

This formula is valid classically for Reλ > 0. By analytic continuation with respect to λ it is valid for all
complex λ 6= 0,−1,−2, .....

Applying the Laplace transform to (1) and using formulas (2) and (3), one gets

L(v) = L(v0) + Γ(λ)p−λL(v). (4)

Let us assume that λ = − 1
4 so that λ− 1 = − 5

4 . This value appears in the solution to the Navier-Stokes
problem in R3, see [3], p.53. If λ = − 1

4 , then equation (4) yields

L(v) =
L(v0)

1 + 4Γ(3/4)p1/4 , (5)

where we have used the relation Γ(− 1
4 ) = −4Γ(3/4), which follows from the known formula Γ(z+ 1) = zΓ(z)

with z = − 1
4 .

Thus,

v = L−1 L(v0)

1 + 4Γ(3/4)p1/4 . (6)

So, the solution v does exist and is unique.
Moreover, v is not a distribution if v0 is smooth and rapidly decaying when t→ ∞. This follows from the

known results concerning the relation of asymptotic of L( f )(p) and f (t) for p → ∞ and t → 0 and for p → 0
and t→ ∞, see [1], p.41.

Namely, if f (t) ∼ Atν as t→ 0, then L( f )(p) ∼ AΓ(ν + 1)p−ν−1 as p→ ∞, ν 6= −1.− 2, ..... If f (t) ∼ Atν

as t→ ∞ then L( f )(p) ∼ AΓ(ν + 1)p−ν−1 as p→ 0.
Since p1/4 → 0 as p→ 0, the asymptotic of v(t) as t→ ∞ is of the same order as that of v0.
As p → ∞ the singularity of v(t) as t → 0 is of the order less than that of t−

5
4 . For example, assume that

v0 is continuous as t→ 0. Then we can take ν ≥ 0. Consider the worst case ν = 0. In this case L(v)(p) is of the
order p−1− 1

4 = p−
5
4 . Therefore v ∼ t−

1
4 as t → 0. This is an integrable singularity. Thus, v is less singular as

t→ 0 than the distribution t−
5
4 .

Theorem 1 is proved.

In [4] another result, similar to the one in this paper, is proved.
In Zbl 07026037 in a review of paper [5] there is an erroneous claim that the proof in [5] is incorrect. The

reviewer erroneously claims that the integral (1) diverges and therefore it is equal to infinity. While this is true
classically it is not true in the sense of distributions. Therefore, the claim of the reviewer that the proof in [5] is

not correct is false. The reviewer claims that Φ− 1
4

is not equal to t
− 5

4
+

Γ(− 1
4 )

. This is not true if the space of the test

functions is K (although it is true if the space of the test functions is K).

2. Concluding remark.

Historically it is well known that equation (1) can be solved explicitly by the Laplace transform if λ > 0
and the function 1− L(tλ−1) 6= 0. To our knowledge, for λ < 0 there were no results concerning the solvability
of equation (1). The author got interested in (1) in the case λ = − 1

4 in connection with the millennium problem
about unique global solvability of the Navier-Stokes problem (NSP) in R3 which was solved in [5], see also [3]
Chapter 5.
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