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1. Introduction

T he numerical study of the piezoelectric [1,2] contact problems [3-7] presents a great challenges, because
the non coercivity and non differentiability of some terms. The linear term coupling the mechanical
field and electric potential is non coercive and non symmetric. The term corresponding to the friction is

convex and non differentiable, in the variational formulation in one hand. In the other hand, the non-linear
coupling mechanical field and frictional contact, it can be shown in the norm of the tangential component of
the mechanical field present in the frictional function.

To overcome these difficulties, the authors develop some methods like finite elements method [8,9],
penalty method and fixed point method [4]. The most and sufficient method for this type of problem is the
ones based on convex duality [10] and the introduction of Lagrange multipliers [11-13]. Primal-dual active sets
strategy, which is an equivalent to infinite dimensional semismooth Newton method, is applied in [14] while
in [15] the author propose a numerical approximation and based Uzawa block relaxation method. Alternating
directions method of multipliers (ADMM) is based in [16].

In mechanic of structures one is always interested in the determination of the stress tensor ¢ more than the
mechanical displacement itself. Methods have been developed for calculate an approximation of ¢ from u and
the drawback is not easy to build an approximation space of tensors satisfying the equilibrium relations and
required regularity. A mixed variational formulation have been developed to handle this difficulty. Concerning
the piezoelectric contact problems, mixed formulation were developed in [17-19].

In this paper, we introduce a mixed variational approach based Lagrange multipliers which describes
the static frictional contact between a piezoelectric body and non-conductive foundation. The standard mixed
variational formulation of contact problems is formally in the following form [17,18,20]:
a(u,v)+b(v,A) = (f,v), VoeV, )

b(u,6 —A) <0, VéecA,

where a(-,-) is symmetric, coercive and the term b(-,-) coupling the normal and tangential Lagrange
multipliers. This coupling is difficult to handle numerically and for model describing the contact problem with
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friction it is important to use the decoupling form to identify the slid and slip on the contact zone. Moreover,
when the model (1) describe problem with electroelastic body the bi-linear form a(-, -) become not symmetric.

The idea consists in decoupling the contact from the friction by introducing two convex sets, one is
reserved to the contact multiplier and the second is stated for the friction. This approach leads to decoupled
inequalities in mixed variational problem. Since a(-, -) is not symmetric we follow the standards techniques
and steps based on [17,18] but with different fixed point map (Step 3 in the proof) and hence more analysis
is needed to get the existence and uniqueness result. The resulting problem is an system by blocks of
two unknowns (displacement and potential), regarding its structure and the form of blocks we use Gauss
elimination technique and then we obtain a Schur complement in the matrix corresponding to displacement
subproblem. It is well known (see [16,21]) that this technique allows a suitable preconditioner for conjugate
gradient method employed to solve the resulting symmetric and positive definite system.

To prove the efficiency of this approach, we state suitable numerical fixed point scheme. The convergence
is proved basing abstract perturbed problem and fixed point process, Banach fixed point is hence applied. For
details concerning the mathematical tools we refer to [22-25].

The paper is structured as: In Section 2, we present the model of equilibrium process of the elastic
piezoelectric body in frictional contact with a non-conductive foundation,we introduce the functional spaces
for various quantities, list the assumptions on given data and derive the weak formulation of the problem.
In Section, 2.2 we state and prove our main existence and uniqueness result, Theorem 1. The proof of these
theorem are carried out in several steps and are based on an abstract result in the study of elliptic variational
inequalities and Banach fixed point technique. The successive iterative method is detailed followed by the
convergence result in Section 4. In Section 5, we conclude with finite element discretization and we give some
numerical experiments by simple example .

2. Problem setting and main results

2.1. Problem setting

The piezoelectric body occupies in its reference configuration (initial configuration) the domain Q C R,
d = 2,3. We suppose that (2 is bounded with a smooth (enough) boundary 02 = I'. We denote by n be
the outer normal to I' and summation over repeated indices is implied and the index that follows a comma
represents the partial derivative with respect to the corresponding component of the variable. The indices take
valuesin {1, - - -, d} the summation convention over repeated indices is used.

Below we use S to denote the space of second order symmetric tensors on R? while "." and || - || will
denote the inner product and the Euclidean norm on S¢ and R?, that is

u.v = u;v;, lo|| = (v.v)%, V u,0€RY,
0.T = 03T, It]| = (T.T)%, Y o,Tes

We also use the notations u, and u; for the normal and tangential displacement, that is u, = u.n and
ur = u — uyn. Similarly we denote by ¢,; and o+ the normal and tangential stress tensor given by ¢, = on.n,
Or = 0n — Oyun.

We introduce the following functional spaces on ();
H=120)" = {u=(u) | e 1)}, H={o=0y o=0; €12},
Hi={ueH|e(u)eH}, Hi={ceH|DivececH}

endowed with the inner products

(M,U)H:/Quividx' (O',T)H:/QO'Z']'Tijdx.

(u, ), = (w,0)g + (e(u),&(v))y, (0, T)y, = (¢, T)y + (Div o, Div T)y.
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The associated norms on the spaces H, H, Hy and H; are denoted by |.||n, ||.ll%, |||, and [|.[[%,
respectively.
We recall the well known Green’s formula

(0,€(v)) + (Div o,v)y = /r(m.v da ¥V veH,

where Div ¢ = (0j;;) and for more details of this formula see [24].

In addition we shall use the following notations. u is the displacement field , e(u) = (g;;(#)) to denote
the strain tensor, given by ¢;;(u) = %(u,'/j +uj,;) and o = (0j;) being the stress tensor. Lets ¢ denote the electric
potential, E(¢) = (E;(¢)) is the electric field, which is defined by E;(¢) = —¢; and D = (D;) is the electric
displacement field.

The equilibrium equations are given by

— Div(c) = fo inQ, 2)
div(D) = gp inQ, 3)

where the constitutive relations for the piezoelectric material are:

o= Ae(u) — B*E(p) inQ), 4)
D = Be(u) + BE(¢p) inQ), )

where A = (a;j) is a (fourth-order) elasticity tensor, B = (b;j) is the (third-order) piezoelectric tensor, B* is
the transpose of B and g = (B;;) is the electric permitivity and div(D) = D; ; (see [26]).

To give the mechanical and electrical boundary conditions, we subdivide I into three disjoints measurable
parts I'y, Ty, I's such that meas(I'y) > 0. The body is assumed to be clamped on I'; and surfaces traction of
density f, act on I';, on I'; the body can reaches a frictional contact with the so called foundation (insulating
foundation). A second partition of I, that is I' = I'; UT; UT},. Surface electric charge of density 4> actsonI',
and the electric potential vanishes on I',. We use the same symbol v for the trace of v on T

u=0onT7. (6)

on = fonl, 7)
¢ =0o0nT,. (8)
D.n=gponly. )

The contact and the Coulomb friction conditions:

Uy — g <0, 0y, <0and 0y, (uy, —g) =00nTs3, (10)
If ur = 0 then |loc(u)|| < —Fou(u) on T3,
If ur # 0 then o (1) = ]-"an(u)HZ—T” on T3, (1)
T
where F is the friction coefficient and g is the gap between the body and the rigid foundation.
The electric contact condition is;
Dn=0onTs. (12)

To resume, we consider the following problem:

Problem 1. Find the displacement field u : QO — R? and the electric potential field ¢ : QO — R such that
(2)-(12) hold.

To study of Problem 1 we will assume, under Einstein summation convention, that:
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(a) A= (-Aijsl) 1) % Sd — Sd,
(b) Aijsi = Aijis = Asij € L%(Q),
(c) Jmy > 0such that: Ajjge;iers > mylel?, e€S?, ae onQ,

({1) B = (Bz]k) QxS — Rd,
(b) Bij = Bij € L*(Q),

(a) B=(Bij) : QxR — RY,
(b) Bij = Bji € L*(Q),
(c) 3Jmg > 0such that: B;E;E; > mﬁ|E|2, EcRY, ae onQ,
fo € LH(Q)Y, fo € L2(Ty)?,
q0 € L*(QQ), g2 € L*(Ty).

Let us introduce the following Hilbert spaces:

V= {U e [HY ()] /v = Oonfl},

W = {(pEHl(Q)/(p:OonFa},

K= {v € [H2(I'3)]%/0, < gon rg}.

If u and ¢ are regular functions which satisfy (2)-(10), then we find:

/QAe(u)e(v)dx+/QB*V(pg(v)dx: /Qfovdx—i—/rzfzvdf+/r3(an).vdr

_/QBS(u)Vlde+/Q/3V(PV1/de:/qutpdx—/rb gotpdT.

(13)

(14)

(15)

(16)
17)

Let us introduce the functional space V = V x W, which is the Hilbert space endowed with the inner

product:

(1,9)y = (w,0)v + (¢, 9)w where il = (u,¢), = (v,9) € V. Leta: V x V — R be the bi-linear form given

by:
a(ii,d) :/()Ae(u)s(v)dx—l—/ﬂB*Vq)s(U)dx—/QBe(u)Vl/de—}—/QﬁVq)ledx.
Moreover, by Riesz’s representation theorem, we define f € V by:

F,0)p = [ fovdx + [ frodl+ [ qopdx — [ qayar.
(f, %)y _/Qfov x+_r2fzv + |, qopdx rqulll
Using the previous tools, we find:
a(#,6) = (f,z?)f,—l-/ (on).vdT.
I3
Since (on).v = 0rvr + 0,0y, then:

a(i,9) = (f,9)y —1—/r 07U + 0y v,dl.
3
Let Hf be the dual space of the space Hr = [H 3(T3)]4 and let us define
Mr(A) = {5 €Hi, (600 < [ Alocldl, or € Hr},
3

MN:{(SEH{E, <(5,v>r3§0,061<n},

(18)

(19)
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where (-, '>HF,Hr denotes the duality product between Hf and Hr, K;; the set of the normal component of
admissible displacement, i.e. K, = {v,, v, < g}.

It is straightforward that Mt y are two closed convex sets of Hf and 0 Hy € My, 1. We introduce two dual
Lagrange multipliers Ay and At € M as follows:

(AN, v>r3 = — . 0wvpdl, veV,and (Ar, v)r3 = — i oo dl, veV.
v13 3

We define two bi-linear and continuous forms by and b, for allv € V, 6,6, € Hf as follows:
bl IVXHF — R, bl(ﬁ,él) = <51,U>1-3,
bz 1V x HF — R, bz(ﬁ, 52) = <52, Z)>1-3 .

We see that by (i, An) = — / onundl, and by definition of My we have:

I3

bi(i,61 — An) <0, V 4 € My.

Also, taking into account the definition of Mt, AT, and the assumption (10), we have:

bZ(ﬁ, )\T) = <)\T, M>1-3 = _A U-Tu-rdl—‘.
3

Keeping in mind that the Sobolev trace operator is linear and continuous, it is clear that there exists
My, > 0 such that:
16i(0,0:)| < My, [|0]] |10l [mz, i =1,2. (20)

In addition, using the properties of the Sobolev trace operator it can be shown that there exists a; > 0
such that: (5.5
inf sup J(Zji'l) >, i=1,2. (21)
5€HE\(0} 520 1919116l
The following weak formulation of Problem 1 is then obtained :

Problem 2. (Weak formulation of Problem Problem 1) Find ## € V and A = (Ay, A1) € My x Mp(FAy) such
that:

a(it,0) + b1 (6, An) +b2(3, A1) = (f,9)y, Voev, (22)
bl(ﬂlél_/\N) Sor V (Sl GMN/ (23)
bz(ﬁ,52 — AT) <0, Y 6 € MT(]:/\N)- (24)

2.2. Main results
In this section we present our main results.

Theorem 1. Assume (13)-(17), then the Problem 2 has unique solution (i,A) € V x M. Moreover if (ii;,A) and
(i1, B) are two solutions of Problem 2 for given data fi and f, respectively, then

i1 — 2|l + 1A = Bz xmz < CUIA = fal])-
We denote by (v,61) + ba(v,6,) = (51,v>r3 + (52,71}1-3 = (61 + 52,U>1-3, hence there exists « > 0 such that

inf b(©,9)

sup ————————— > Q. (25)
seHA(0} oy 11011V 1181

where b(-,-) = bi(-,) + ba(-,-) : V x My x Mr — R. Now we introduce a numerical scheme to get
numerically the solution of the Problem 2. The scheme is an fixed point iterative and is stated in the following
Algorithm 1.
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Algorithm 1 Decomposition method for Problem 2

Initialization: A§, and A%
Iteration: ¢ > 1. Compute successively i‘*?, Afjl and /\ETJrl using Algorithm

Step 1: Find #/*! € V such that

a (@,8) +bi (5,A4) + b2 (5,4%) = (F,9)y, ¥V 5 €. (26)
Step 2: Find A/ € My such that
by (a”l,(s - /\f\,“) <0, V 6 € My. 27)
Step 3: Find AL € My (uA) such that
by (a“l,(s - /\f;l) <0, V 5 € Mp(FAG). (28)
Proposition 1. Let (1!, A*) be the solution generated by the Algorithm 1, then
|\u(—u||‘7+|\AZ—/\||Hﬁlef — 0, as £ — +oo. (29)

The proof of the main results will be presented in the next section.

3. Proof of the main result

Let X and Y two Hilbert spaces endowed with the inner product (-, -)x and (-, -)y respectively and let us

consider two bi-linear forms as follows:
a(-,-) : X x X — R, generally non symmetric, such that

3 M, > 0such that |a(u,v)| < Mg||u||x||v]|x, vV uveX,

3 m, > 0such that a(v,v) > m,||v||%, vV veX,
and b(-,-) : X xY xY — R, b(v,A) = by (v, AN) + b2(v, A1) such that
3 M, > Osuch that |b(v,0)| < My||v||x]||d]lyxy, ¥V (v,6) € X XY XY,
3 M, > 0such that
|bi(v,0)] < My [|o][x||d|lyxy, ¥V (v,6) eXxYXY,i=12,
there exists « > 0 such that

b(v, )

inf sup 7 = &
BV XN\ (0} e srgoy TP T3] Iyocr

(30)

@1

(32)

(33)

(34)

Now, let M = My X Mt C Y X Y be closed and convex set that contain Oy y, we consider the following

problem:

Problem 3. For given f € X, find u € X and A = (Ax, A1) € M such that:

a(u,v)+b(v,A) = (f,v)x, VoveX,
bl(uréfAN) <0, v 6€MN/
bz(u,é—/\T) <0, Y § € Mr.

We have the following result;

(35)
(36)
(37)
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Theorem 2. Let f € X and assume that (30)-(34) hold. Then, there exists a unique solution (u, A) of Problem AWF
Moreover, if (u1,A) and (uy,y) are two solutions of the Problem AWF for given data functions f; € X and f, € X
respectively, then, there exists SC > 0 such that:

[lu1 = uz||x +[IA = Bllyxy < K([If1 = f2l|x)- (38)
Proof. We consider the symmetric ay(.,.) and anti-symmetric c(.,.) part of a(.,.) respectively, defined by
ap: X x X — R, ag(u,v) = (a(u,v) +a(v,u))/2, u,Vv velX,

c: XxX—R, c(u,v) = (a(u,v) —a(v,u))/2, u,Vv veX

For given 0 < t < 1, let us present the following bi-linear form
a: X x X — R, ay(u,v) :=ap(u,v) +tc(u,v), vV u,ve X (39)
For all t € [0,1], we note that
ar(v,0) > ma|[|[%, | (1, 0)| < 2Mal|ul|x][o]|x, v u,0€X
Let us consider the following auxiliary perturbed problem:

Problem 4. (Auxiliary perturbed problem) For given f € X, find u € X and A € M, such that

at(u,v) +b(v,A) = (f,v)x, YV vey, (40)
bi(u,6 —An) <0, vV § € My, (41)
bz(u,ci — /\T) <0, Y § € Mr. (42)

The rest of the proof will be treated by steps.
Step 1. If t = 0, the Problem 4 has unique solution. Indeed, if I = 0 the problem is equivalent to the saddle
point problem: find u € X and A € M such that

L(u,8) < L(u,A) < L(v,A), VoveX,deM,
where £ : X x M — R is defined by:
1
L(v,0) = Fao(0,0) = (f,0)x +b2(v,02) + b1 (v, 61)
1
= an(v,v) —(f,v)x +b(v,9),
L(.,.) has at least one solution, see [10], in fact, from £L(v,0) = %ao(v, v) — (f,v)x and the coercivity of ag(.,.)
we have
lim  L(v,0) = +oco.
[[o]]x—+o0
Moreover

lim  inf £(v,8) = —c0. 43)

[16]lyxy—+o0vEX

Indeed, let 6y be an element of M and let us, € X be the solution of the equation
ao(us,, v) +b(v,60) = (f,v)x, VoveX, (44)

which is equivalent that u is the solution of the following minimization problem

. 1
vug}f(ﬁ(v, dp) = an(v, v) — (f,v)x + b(v,d),
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that is 1
Eu0<u(50/ u&g) - (f’ u(SO)X + b(uIS()’(SO) = Z}lél}f(ﬁ(v, 50)

Substituting v = 14, in (44), we get

1

1
Eﬂo(uaofuao) — (f,ugy)x +b(us,, d0) = —Eﬂ(uaozuao)/

which implies that
. —My 2
< — .
Z}g}f{ﬁ(v,éo) s gy % (45)

Additionally, using the inf-sup property of the form b(.,.); we deduce that there exists a constant C > 0
such that
190 [y < CUIFIx + g, |x)- (46)

From (45) we deduce (38), which implies the existence of solution of Problem 4.
To show the uniqueness of the solution, let us assumes that (11, A) and (u, ) are two solutions of the

problem
ag(uq,v) +b(v,A) = (f,0)x, Vovelk,

ag(uz,v) +b(v,v) = (f,v)x, VoveX.

By subtracting these two equations, we find
aO(ul — Uy, U) + b(?}, A) - b(ZJ, ,Y) =0.
If we set v = uy — up, we get ag(ug — up, ug — ) + b(ug —up, A) —b(ug —up,y) =0,

ao(uy —ug,uy —up) = —b(ug —ug,A)+b(uy —uy, )
b(uz —u1, A) +b(uy — ua, )
by(ug — u, AN) + by (u2 — ug, At) + ba(u1 — uz, 71) + ba(u1 — 2, 72)
= bi(uz —u, M —71) +ba(ua —ug, Ay —72) <0

and by coercivity of ap, we have 11 = uy. Moreover
0= —ap(ug —up,v) =b(v,A —7),

and by inf-sup property of b(.,.), we have

b(v, A —
a[|A = v|lyxy < sup bloA=7)

=0,
vex  |lollx

and finally A = 1.
Step 2. Assume now that f € X, there exists a unique solution (#,A) € X x M of the Problem 4, when we have
two solutions (u1,A) and (u,y) of Problem 4 corresponding to two given data fj € X x X and f, € X x X

respectively, then
o+ mg;+2M,

xmyg

IIf1 = follx- (47)

|11 — ua|[x + [|A = ¥|[yxy <

In fact
ap(uy —up, uq — up) = (f1 — fo,uq — up)x +b(ug —up, vy — A),

by(uq —uz, 71 —An) <0,
by(uy —up, 2 — Ar) <0.

Since a; is coercive and, hence
1
[u1 —ua2||x < —I|f1 — fallx- (48)
Mg
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In addition, b(v, A — ) = (f1 — f2,v)x + a,(u2 — u1,v) and by inf-sup property of b(.,.) we have

b(v, A —
alA—lysy < sup 2CATY 16 plyk oMl — s
veX\{0} o] x

that is

my +2M
A =7 lyxy < —fi = f2llx- (49)
XMy
Hence (47) and (48) lead to
o+ m,;+2M,

A1 = follx- (50)

- A <

s sl + 1A =y < S

Step 3. Let 7 € [0,1]. Assume for given f,g € X there exists a unique solution of Problem 4 with t = T,
(u,A) € X x M. Then for given f € X there exists a unique solution (#,A) € X x M of Problem 4 with

t € [t; T+ to] C [0,1], where:
XMy,

Mg (o +m, +2M,)

Indeed, given f € X, we define the operator T : X x M — X x M as follows T(w, ) := (u,A) if (1, A) is
the solution of the following problem:

0<ty< <1

Problem 5. For given f € X, find u € X and A € M, such that

ar(u,0) +b(v,A) = (F,0)x, VY veX, (51)
bl(u/(s_/\N)SO/ v (SGMN/ (52)
by (1,6 — A7) < 0, Y 6 € Mr, (53)
where (F;,v)x = (f,v)x — (s — T)c(w, v), T<s<T+t <1

We will show that T is a contraction. To this end, we consider two pairs (w1, §) and (wp, x) € X X Y X Y.
We have
T (w1, &) = T(wz, X)||xxvxy = [ = w2llx + [[A = Bllysy-

By the same argument in (48) and by definition of F;

mg + 2M,
||/\_'Y||ny < %toManl_WZHX' (54)

In addition,
1
||lug — us||x < —toMal|lwy — wl|x, (55)
Mg
and hence,

tOMa(“ +m, + 2Ma>

i, [lwy — wa||x,

[lur — uz||x + A = 7|lyxy <

t()Ma (DC +m,; + ZMH)
am,

[lur =[x + |4 = ¥[lyxy < (w1, &) = (w2, ) [[xv v,

which implies that T is a contraction and by Banach fixed theorem we conclude that T has unique fixed point.
Let (i1, A) be the unique fixed point of T, using the definition of the operator T, we deduce that

a.(ii,0) + b(v,A) = (F;,0)x, VY veX,
bz(ﬁ,(s—}LT)SO, V § € My

and (F;,v)x = (f,v)x — (s — T)c(i1,v), fort <s < 1+t < 1.
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We substitute F; in the first equation, we find (i1, A) be the unique fixed point of T, using the definition of
the operator T, we deduce that

ac(it,0) + (s — 7)c(@,v) + b(v,A) = (f,v)x, VoveX,
by(i1,6 — An) <0, vV 6 € My,
ba(i1,6 — An) <0, YV 6 € Mr,
that is
ag(i1,0) + sc(it,v) + b(v,A) = as(i1,v) + b(v,A) = (f,0)x, VoveX,
by(i1,6 — An) <0, vV 6 € My,
ba(i1,6 — A7) <0, YV 6 e Mr,

which gives the existence of solution. In order to justify the uniqueness, let us assume that the problem with
I =s € [1, T+ to] has two solutions (11, A) and (up,y), we have

as(uy —up,0) +b(v,A—7y) = 0
as(up —ug,up —up) = b(ug —uy, A—1)
= bi(uz —uy, AN — 1) +ba(uz —uy, At — 12) <0,

hence, by coercivity of a5, we get u1 = up and A = 7.

Step 4. Using Step 3, a finite number of times, we deduce that the Problem 4 admits a unique solution (u, A)
fort =1.

Step 5. In order to get (44), let us consider the data f1, € X

a(uy,v) +b(v,A) = (f1,0)x, VovelX,
b1 (11,6 — Ay) <0, Y 5 € My,
by(u1,6 — Ar) <0, YV 5 e M,
and
a(up,v) +b(v,v) = (f2,0)x, YV oveX,
by(u2,6 — 1) <0, V 6 € My,
ba(up,6 —v2) <0, Y 6 € Mr.

By subtracting this two equations, we find
a(uy —up,v) +b(v,A) —b(v,7) = (i — f2,0)x-
For v = u; — up, we have
a(uy — up,uy — up) + b(ug —up, A) —b(uy —uy,y) = (L — fo, u1 — u2)x,

which implies that

b(uy —up,y) —b(ug —up, A) + (f1 — fo, u1 — uz)x
by(ug —up, v2 — At) + (fi — fo,u1 —u2)x

I1f1 — fallx|lur — uz2||x,

a(uy — up, Uy — Up)

IN A

ma||”1*u2||%<

that is
mal|ur —uo||% < |11 — follx||u1 — ual|x, (56)
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and by (34), we have
af|B = Allyxy < Mallur —ua||x + |11 — fallx - (57)
Using (56), we can write
2 1 2 . a 2 | 02 2
Ma|uy —uz||x < EHfl — fllx + EH”l — || + EH'Y_/\HYXY/ (58)

where ¢y, c; are strictly positive constants.
By combining this inequality and (57), we deduce that

2
c1  oM; 2 1 cy 2
My — = — U —u <=+ - . 59
(o= 5 = 250 ) s~ alfe < (5 + 5 ) 1A - £l 9
2
The constants ¢; and c¢; are chosen such that (ma — % — Czﬂf\z/{"), we deduce that there exists ¢ =

¢ (mg, My, M, &) such that
|1 —ua||x < c(|[fi = f2llx) - (60)

Finally, combining (57) and (60), we have (47). O

Proof of Theorem 1. We consider X = V, Y = Hf and My x My given by (18). The subset My x My is a
non-empty, closed, convex of Hr x Hp and Oz € M.

By using (12) and (15) we deduce that there exists M, = M,(A,&,B) > 0and m, = m,(A, B) > 0 such
that the bilinear form a(., .) satisfies

a(1,0)| < Mallallv[[ollg, ¥ @,5€V,

a(d, it) > mg||i|?, ¥V deV.

By the conditions (21) and (22) we deduce that the bilinear form b(., .) satisfies (32). Using inf-sup property
(34) and Theorem 2 we find the result of Theorem 1. [

Proof of Proposition 1. To prove the convergence result 1 of the Algorithm 1, lets reconsider the following
perturbed problem, for I € [T;T + ty] C [0,1], where this time:

amg — amg My

0<ty< , 61
0™ M (a + mq +2M,) 61)

if M, <1.If M, > 1wetakel € [T+ ty; T] C [0,1] with
—am, M, <t am, — amg M 62)

< .
Ma(“+ma+2Ma) 0 Ma(“‘|‘ma+2Ma)

Given f, g € X, we define the mapping T : X x M — X x M as follows T(w, &) := (u,A) if (u, A) is the
solution of the following fixed point problem:

Problem 6. (Fixed point problem) For given f, g € X, find u € X and A € M, such that

ar(u,v) = (F;,v)x — b(v,d), VovelX, (63)
bl(u/é‘ - /\N) <0, Ve MN/ (64)
bz(u,(5 - AT) <0, vV 6 € Mr. (65)

where (F;,v)x = (f,v)x — (s — T)c(w,v) and T <s < T+ ty < 1.
It is straightforward that

toMa(tX +my + ZMg) + am, M, ||

amg (w1,8) — (w2, X) | xxvxy- (66)

[|ug — uz|[x +[IA = ¥|[yxy <
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By the conditions (61)-(62) and (66), the operator T is a contraction. This implies that there exists (i1, A)
such that T(i1,A) = (%, A). Hence we have T(uf, A!) = (u‘*1, A**1) and the following scheme converges;

Problem 7. For given f € X, find u‘*! € X and A‘*! € M, such that

ac(u™1,0) = (K, v)x — b(v,AY), Y oveX, (67)
b (1,0 - AT <o, Y 5 € My, (68)
by(u't1,6 — ALY <o, V &€ Mr. (69)

The convergence of the iterative fixed point scheme in the Algorithm 1 follows directly. [

4. Discretization and numerics

The problem is now how to identify the multipliers A and At in the convex sets M . One manner to do
this, is the use of Projection maps. To this end, we consider the finite dimensional spaces Vhcv, Kt =KnV!
and W C W approximating the spaces V and W, respectively, in which & > 0 denotes the spatial discretization
parameter. Let us define:

h _ h - h h _ h -] h
Xp={olip, ot e Vi, xp = {o ioh e Vi,
and

XM= {o, 10" e V') = XJ x X

Let us denote also X;" C X; N L2(T3) and X3 C XN L%(T3;R?"!) the finite discretizations of X}; and
X7 respectively, such that the following discrete Babuska-Brezzi inf-sup conditions hold;

| (A o) | (Mo oh)
inf h—h2a>0, inf suph—h20c>0,
Mrexit greyn [0 [VIIAT | o Agexit greyn [0 [V ARl xon

with « independent of /.
We consider the following discrete approximation of Problem 2:

Problem 8. Find @i € V" and A" = (A, A) € Ml x ML (uAk,) such that:

a(i", o) + by (8", Aly) + ba (8", AL) = (1, 3"y, v gt e vh,
h _ h h
AN = M (AN —ru, ),
h _ h h

where r > 0 and
ME(uAl) = {5h e xi, (8", oM, < /r pAl|oh|dr, ot € Hr},
3

Ml = {5’1 e xh, (", oMy, <0, " € K,’;}
and where Py is the projection over M. For more details we refer to [27].

4.1. Matrix formulation

In this section, we adopt the same technical discretization as in the work [27]. Leta; (j = 1,...,n.) be a
contact node (i.e. a; are the nodes forming I's). The displacement vector at a; is denoted by u;, i.e. u; = u(a;).
Denoting n; and £}, the unit outward normal vector to I'; and the unit tangential vector to I's, respectively. Let
us introduce the linear mappings

e N : R% _ R" guch that (Nu); = uan]-,j =1,...,n,.

e T : R¥ — R, such that (Tu); =u; — (u]-Tn]-)nj =(I; - njn]-T)uj,j =1,...,n.

The finite element discretization leads to the following matrices and vectors:



Open J. Math. Anal. 2020, 4(1), 20-37 32

A, (2d) x (2d) the elastic matrix (symmetric and positive definite) ;

B, d x d electric potential stiffness matrix (symmetric positive definite);
E, d x (2d) coupling matrix;

M,, and M normal and tangential mass matrices (1. x n.);

f (the external forces in R%), q (the external charges in RY).

AN, At the vectors associated to /\}I’\] and )\}% respectively.

With the above notations, we can solve the Problem 8 with Coulomb friction using fixed point procedure
on the friction threshold (see [27,28] for more details). The Fixed point on the friction threshold procedure is
in Uzawa Algorithm 2,

Algorithm 2 Uzawa algorithm (UA) for Problem 8
Initialization: )\f\] and /\ET
Tteration: ¢ > 1. Compute successively U‘*1, )\f\,“ and A%H as follow

Step 1: U‘*! such that

AU = pf (70)

Step 2: AL1 such that
AGH = (PNutHt - (71)

Step 3: /\/T+1 such that
ATt = B(0,—FAY,) (AF —rTu®) (72)

where
_gT
@ E B
yo— | b | _| £+ M, NA§, + M. TA% ,
bz q

B(0, —F /\fjl) denote the ball of center 0 and radius —FA§, > 0 and x* denote the non negative part of x i.e.
xT = max(0, x).

Remark 1. In practice, the Algorithm 2 is solved using Tresca friction with slip bound S’ and an fixed point
iteration is used to compute the problem with Coulomb friction, i.e. S*1 = —FA{.

To compute the solution of the system (70), we proceed by the following elimination technique:

¢ =B 'Eu+ B by, (73)
Scu="b; — B 'by, (74)

where S, is the Schur complement given by S, = A — E' B~!E. Since the matrices A and B~! are symmetric
and positive definite, the suitable method for solving the subsystem (74) is the Conjugate Gradient method
(CG). We take profit from the Schur complement S, to obtain a convenient preconditioner, as discussed in [16]
and reference therein the (CG)-preconditioner is P = A. The preconditioned Conjugate Gradient method for
solving the system (74) is stated in the Algorithm 3. Once u is computed one can compute ¢ by the explicit
formula (73).

The solution of the problem with Coulomb friction is stated in the algorithm 4

4.2. Numerical example

The algorithms are implemented in MATLAB on computer equipped running Windows 10 core i7 of
2.4GHz clock frequency and 6 GB RAM. As example, the domain consists of two-dimensional rectangular
domain OO = (0, 2) x (0, 1) as in the Figure 1, with boundaries I'p = {0} x [0, 1] U {2} x [0, 1], T3 =
[0, 2] x {0} and Ty = [0, 2] x {1}. External body force and charge are f = 0 and g = 0, respectively. OnI'p the



Open J. Math. Anal. 2020, 4(1), 20-37 33

Algorithm 3 Preconditioned conjugate gradient algorithm (PCG) for solving (74).

Initialization £/ = 0. u® « u’1is given

Solve Bv? = Eu’
P =b!—Au—ETV°
Solve Pz0 = 10
0 —,0
Iteration ¢ > 0. While ((r) z’) > e(1%) T2°

S?lve Bv! = f

Ap/ T E'v
2= ((pN f)/((#)%ﬁ)
;Ill ? +1XzP

q
Z+1 /+1
%‘;lve&zml)T re+1) / ((rz)TZe)

pZ+1 =z 4 Bep’.

*®© .\1.0\9‘!“ w !\-”.—‘

Algorithm 4 Fixed point algorithm.

Step 1: Compute u‘*! by the algorithm 2.
Step 2: Compute ¢/*! by the exp11c1t formula (73)
Step 3: Update the slip bound by S“*1 = —FA§

displacements and the electric potential are prescribed, i.e., u = 0 and ¢ = 0 onI'p. On I'y, non-homogeneous
Neumann boundary conditions are prescribed fy = o(u).n = —2. On {1} x (0, 1) the homogeneous Neumann
boundary condition is applied (cn = 0 and Dn = 0). For seek of simplicity, the normalized gap between I'
and the foundation is g(x) = 0 and the friction coefficient is 7 = 0.6. The mesh is generated by using Matlab
function "kmg.m" built by the author in [29].

The deformed configuration is showed in the Figure 2 and the the contour plot of the electric potential
distribution are showed in the Figure 4. The Figure 3 show the Lagrange multipliers At y in the contact zone
I's corresponding to the problem with Coulomb friction condition. The Figures 5 and 6 show the Lagrange
multipliers Aty with different choices of loads acting on I'y, it is clear that the slide occurs when the load is
important (large enough). The performance of the algorithm is presented in the Table 1, as showed the number
of iterations is independent of mesh refinement and the time of execution is significant.

Domain With Mesh Size h=1/32

0.8 [

0.6 {7

0.4

0.2

Figure 1. Initial configuration.
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D in With Mesh Size h=1/32

0.8

0.6

0.4

0.2

0.9

0.5 1 1.5 2

Figure 2. Deformed configuration.
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0.8
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0.4

0.2
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Contact region

Figure 3. Multipliers for F = 0.6.

0.5 1

Figure 4. Contour plot of electic potential.
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Figure 5. Multipliers with load —4.
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Contact region
Figure 6. Multipliers with load —6.
Table 1. Performance of the algorithms
H Mesh size h 1/32  1/64  1/128 1/256 H
Number of iterations of FP 3 4 4 4
Number of iterations of UA 39 39 39 39
Number of iterations of PCG 2 2 2 2
CPU time (seconds) 0.1341 2.0863 21.1882 238.4585
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5. Conclusion

We have investigated numerical analysis of a model describing the process of contact between a
piezoelectric body and non-conductive foundation. The behavior of the material is modeled with a
electro-elastic constitutive law. The contact is formulated by Signorini conditions and Coulomb friction. In
coming works, more general problem with non linear constitutive equation and non monotone friction will be
treated. This is may be handled by fixed point iteration and hemivariational inequalities [30].
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