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Abstract

We prove the existence of mild solutions of fractional integrodifferential equations with nonlocal
conditions in Banach spaces. Sufficient conditions for controllability of fractional integrodifferential
systems are established. The results are obtained by using resolvent operators and Schauder fixed
point theorem. An example is provided to illustrate our results.
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1 Introduction

The nonlocal condition, which is a generalization of the classical condition, was motivated by physical
problems. The pioneering work on nonlocal conditions is due to Byszewski [4]. In the last few years
several papers have been devoted to the study of existence and uniqueness of solutions to nonlinear
differential equations with nonlocal conditions. Among others, we refer to the papers of Balachandran
and Chandrasekarn [6], Balachandran and lllamaran [5], Byszewski [3] and Ntouyas and Tsamatos
[20]. Recently, there has been an increasing interest in studying the problem of controllability of
integrodifferential systems (see [7-10]). On the other hand, there is also an increasing interest in
the recent years related to dynamical fractional systems oriented towards the field of control theory
concerning heat transfer, lossless transmission lines ( see [24], [11], the use of discretizing devices
supported by fractional calculus. Controllability results for linear fractional differential equations have
been considered by a few authors (see [1], [2], [14], [17], [23], [25], [26], [27], [28],)-

In this paper we study the existence of mild solution and controllability of the fractional integrodifferen-
tial equation with nonlocal condition in the following form

d%z(t)
dte

= Alz(t) +/O F(t—s)x(s)ds]+ f(t, z(t)) +/O g(t,s,2(s),Q(s))ds, te€[0,T]=J, (1.1)
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z(0)+h(z(t1),...,z(tp)) = zo (1.2)
where 0 < a < 1 and

Q(s) = /OS k(s,r,z(T))dr.

Here A generates a strongly continuous semigroup in a Banach space X, F'(t) is a bounded operator
forte Jjand f: I x X - X, k: AXxX =5 X,9g: AxX xX — Xandh: XP - X are given
functions. Here also A = {(¢,s) : 0 < s <t < T}, F(t) € B(X), te€ J, F(t): Y — Y and for z(:)
continuous in Y, AF()z(-) € L*(J, X). For z € X, F’(t)z is continuous in ¢ € J, where B(X) is the
space of all linear and bounded operators on X, and Y is the Banach space formed from D(A), the
domain of A, endowed with the graph norm .

This type of research has been considered in Balachandran and Park [10], when the equation (1.1)-

(1.2) is given with conventional (classical) derivatives, also as several works; see for example [ 15,
16] and reference listed therein.

2 Preliminaries
In this section we give some basic definitions.

Definition 2.1 (see [21, 22]). The fractional integral of order o > 0 with the lower limit zero for a
function f can be defined as

appn L [T f(s)
I°f(t) = o) /0 - S)l_ads, t>0
provided the right-hand side is pointwise defined on [0, o), where I" is the gamma function.
Definition 2.2 (see [21, 22]). The Caputo derivative of order o with the lower limit zero for a function
f can be written as

1 A O —a g(n)
‘D¥f(t) = ds=1"""f""(¢), t <n-1 .
f(@) F(n—a)/o G syatin s (), t>0,0<n <a<n

Definition 2.3. A resolvent operator for problem (1.1)-(1.2) is a bounded operator valued function
R(t) € B(X) for t € J having the following properties (see [13, 18]:

(a) R(0) = I(the identity operator on X),

(b) for all z € X, R(¢)z is continuous for ¢ € J,

() R(t) e B(Y), te J ForyeY, R(t)y € C([0,T],X)NC([0,7],Y) and

dot
dt—&R() y+/Ft—5 s)yds]

= R(t)Ay + /t R(t — s)AF(s)yds, t € J.

Definition 2.4. According to ([12,29]), a continuous solution z(t) of the integral equation

z(t) = Sa(t)[xo—h(x(t1), ....,a:(tp))]—i—/o (t—s)o‘*lTa(t—s)[f(s7sc(s))—&—/oS g(s, 7, 2(7),Q(7))dr]ds (2.1)

is called mild solution of the problem (1.1)-(1.2) where

I*/ Ea(0)R(t*0)xdb, a:*a/ 06 (0)R(t*0)xdb
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with &, being a probability density function defined on (0, o), that is
£.(0) > 0,6 € (0,00) and fo £a(0)dO = 1.

Remark. [ 0¢.(0)d0) = sy

LetY = C(J, X) and define the sets

Xe={eeX |z <r}, Yo ={yeY:|yl= sup ly@l <7} (2:2)

where r, positive constant, is defined by r = M ||zo|| + HM; + If”&f(f) (My + M3T).
Further we assume the following hypotheses:
(i) The resolvent operator R(t) is compact and there exists a constant M; > 0
such that ||R(t)|| < M.
(ii) The nonlinear operators f : Jx X — X, g: Ax X x X — X,and k : A x X — X are continuous
and there exist constants M, > 0, M3 > 0 such that
[fEtz@®)|| < Mafort e J, z € Xy, |lg(¢,s,2(s),y(s))|| < Ms for (t,s) € A, z, y € X,.
(iii) The operator h XP — X is continuous and there exists a constant H > 0 such that
[h(z(t1), ..., (z(tp)))]| < H forz € Yy,
B(E(12) + (1= AJy(£2), oo Az(t) + (1= Ny(t)) = A(2(t2), o 2(t5)) + (1= NVh(y(t), s y(2)) for
z, y €Y.
(iv) The set {y(0) : y € Yy, y(0) = zo — h(y(t1),...,y(tp))} is precompact in X.
Lemma 2.1. ( see [29]). The operators S, (t) and T,(t) have the following properties:
(I) Forany fixed = € X, || Sa(t)z [|< My || 2 |, | Tu(t)z < c2205 | = |
(II) {Sa(t), t > 0} and {Tw(t), t > 0} are strongly continuous;
(III) Foreveryt > 0, S.(t) and T,(¢) are also compact operators if R(t), ¢t > 0 is compact.

3 Existence of Mild Solutions

In this section, we can prove the existence of mild solution.

Theorem 3.1. Let hypotheses (i), (i), (ii)and (iv) be satisfied. Then problem (1.1)-(1.2) has a mild
solution on J.

Proof. We define the set Yy in Y by

Yo ={z €Y :2(0) + h(z(tr), ..., x(tp)) = xo, ||z(t)]| <rfor0<t<T}.

Clearly, Yy is a bounded closed convex subset of Y. Define a mapping ¥ : Y — Y, by

(Vz)(t) = Sa(t)[wo—h(z(t1), -~-~,x(tp))]+/0 (tfs)“’lTa(tfs)[f(s,w(s))+/0sg(s,T,x(T),Q(T))dT]ds-
Since

(W) (@) < [|Sa(t)zol| + [|Sa@)h(x(tr), ..., 2(ty))

l
t 1 s
# [ 6= T = A as)] + [ llgts, 720, Q)drlds
0 0

_MT®

IMNa+1)

then ¥ maps Y} into Y;. Further, the continuity of ¥ from Y; into Y, follows from the fact that f, g, , &
and h are continuous. Moreover ¥ maps Y} into a precompact subset of Y;.

We prove that the set
Yo(t) = {(¥z)(t) : € Yo} is precompact in X, for every fixed ¢, 0 < ¢ < T.

< Mi||zol| + HM:1 + (M2 + MsT) =,

742



British Journal of Mathematics and Computer Science 3(4), 740-749, 2013

For ¢t = 0, the set Y5(0) is precompact in X.
Let ¢ > 0 be fixed. Define, for 0 < e < ¢,

s

(Wex)(t) :Sa(t)[wo—h(w(tl)»-~--,$(tp))]+/0 _e(t—S)aflTa(t—S)[f(Svw(S))+/O g(s, 7, 2(7), Q(7))dr]ds.

Since R(t) is compact for every t > 0, the set Y(t) = {(Vex)(t) : € Yo} is precompact in X for
everye, 0 <e<t.
Further, for x € Y, we have

(W) (1) — (L) ()] < | / (=) T Tl ) [f (s, 2(s)) + / " g(sm (), Q(r))drlds|

L
= Tla+1)
which implies that Yo (¢) is totally bounded, that is Yo (¢) is precompact in X.

We will show that ¥(Yy) = S = {(¥z) : = € Yo} is an equicontinuous family of functions. For
0 <t<s,we have

[(Wz)() = (Wz)(s)]| < [|(Sa(t)=Sa(s))zoll+][(Sa(t)=Sa(s))h(z(t1), ..., 2(tp))]

(M2 4+ MsT),

+ / (1=7)" Tu(t=r)~(5=)" T )+ | g(rna(v), Q)avlar]
+||/ (s — 1) 7'T, s—T)[f(TﬁU(T))-i-/O 9(r,v,z(v), Q(v))dv]dr||

< Hsa(t)—Sa(S)ll(llwoH+H)+(M2+TM3)/0 1(t=7)* " Ta(t—7)~(s—7)"" ' Ta(s—7)|ldr

M1 (S — t)a
Na+1)
The right hand side of the above inequality is independent of z € Y, and tends to zero as s — ¢. It
is also clear that S is bounded in Y. Thus by Arzela-Ascoli’s theorem, S is precompact. Hence by the
Schauder fixed point theorem, ¥ has a fixed point in Y, and any fixed point ¥ is a mild solution of the
nonlocal Cauchy problem (1.1)-(1.2).

(M2 4+ T Ms).

4 Controllability Results

In this section, we will establish a set of sufficient conditions for controllability of semilinear fractional
integrodifferential system with nonlocal condition in the following form

dzﬁt) :A[x(t)Jr/o F(t*S)x(S)dS]Jr(Bu)(t)+f(t,m(t))+/0 g(t,s,z(s),Q(s))ds, t € [0,T] = J, (4.1)
z(0)+h(z(t1), ..., z(tp)) = o, (4.2)

where the state z(-) takes values in the Banach space X and the control function u(-) is given in
L*(J,U), a Banach space of admissible control functions with U as a Banach space. Here B is a
bounded linear operator from U into X. For system (4.1), there exists a mild solution of the following
form

z(t) = Sa(t)[zo — h(x(tr), .., z(tp))] +/0 (t— )" ' Ta(t = s)[(Bu)(s)

+ f(s,z(s)) + /0S g(s, 7, z(7),Q(7))dr]ds.  (4.3)
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Definition 4.1. System (4.1) is said to be controllable with nonlocal condition (4.2) on the interval J
if, for every zo, zr € X, there exists a control function u € L?(J,U) such that the mild solution z(.)
of (4.1) satisfies

z(0) + h(z(t1),...,z(tp)) = zo, z(T) = 1.
To establish the result, we need the following additional hypothesis
(v) The linear operator W from L?(J,U) into X, defined by

Wu = /T(T —8)* ' Tu(T — s)Bu(s)ds, ue L*(J,U)  (4.4)
0

induces an inverse operator W~ defined on L?(J,U)/kerW, and there exists a constant M, > 0
such that ||[BW ™! < M.

Theorem 4.1. If the hypotheses (i)-(v) are satisfied, then the system (4.1)-(4.2)

is controllable on J.

Proof. Using the hypothesis (v), for an arbitrary function z(-), define the control

u(t) = W Har — So(T)[zo — h(2(t1), ey 2(tp))]

S

- / (T — )" T (T - 9)[f (s, 2(s)) + / g(s,7.2(r), Q(r)drlds}(t).  (45)
0 0

Now we will show that, when using this control, the operator, defined by
t
(z)(t) = Sa(t)[zo — h(x(t1), ..., z(tp))] +/0 (t = 5)* ' Ta(t — 5)[(Bu)(s)

T f(sa()) + / " gs,m (), Q(r))drlds, (4.6)

has a fixed point. This fixed point is then a solution of (4.1). Clearly (®x)(T) = xr, which
means that the control u steers the semilinear fractional integrodifferential system from the
initial state xq to final state z7 in time T provided we can obtain a fixed point of the nonlinear
operator .

LetYo ={z €Y : 2(0) + h(z(t1), ..., z(tp)) = o, ||z(t)|| < ¢/, fort e J} (4.7)

where 7’ is the positive constant. Then Y} is clearly a bounded, closed and convex subset
of Y.

Define a mapping ® : Y — Y, by

(Dx)(t) = Sa(t)[xo—h(x(t1), ...,x(tp))]—l—/o (t=0) > To(t—0) BW " Hap—So(T)[xo—h(z(t1), ...

—/ (T = 5)" ' Ta(T = 5)[f (s, 2(s)) + / 9(s,7,2(7), Q(7))dr]ds}(n)dn
0 0

n / (t— )2 Tt — 8)[f (s, 2(s)) + / 95,7 2(r), Q(r))drds.

Consider

[(@2)(®)]| < IISa(t)II[onHJrHH/O (=) N Tat=)[IIBW = [{llz7 [l +[1Sa (D) [lwol| +H]
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T s
+ / (T = 8)* HTaAT = )l f (s, ()] + / g(s, 7, 2(7), Q(7))dr||]ds}(n)dn
0 0

+/0 (t*5)“’1||Toz(t*S)IIHIJ“’(SJB(S))II+II/O 9(s, 7, 2(7), Q(7))dr||]ds

My M, T® MT® MT®
e Mo+MsT)]+————
T(a+1) F(a+1)( 2 M )]+I‘(a+1)(

Since f and g are continuous and ||(®x)(¢)|| < r/, it follows that ® is continuous and maps
Yy into itself. Moreover, ® maps Y into a precompact subset of Y;. To prove this, we first
show that every fixed ¢t € J, the set Y;(t) = {(Px)(¢) : € Yy} is precompact in X. This is
clear for t = 0 since Yy(0) is precompact by assumption (iv).

Let ¢ > 0 be fixed and for 0 < € < t, define

< My ([ol[+H)+ iz |[4+My([|zol[+H)+

M2+M3T) = T‘/.

(@ex)(t) = Sa(t)[zo—h(z(t1), ~-~-,w(tp))}+/0 7€(t—n)a’1Ta(t—n)BW’l{xT—Sa(T)[xo—h(ﬂf(h), o 2(tp))]

T s
- / (T — $)* VT (T - 8)[f(s,2(s)) + / o(s,7,2(r), Q(r))drlds} (n)dn
0 0

+ / (t— ) Ta(t - )[f(s,2(5)) + / o(s,7,2(r), Q(r))dr]ds.

Since R(t) is compact for every ¢ > 0, the set Y. (t) = {(®.x)(t) : z € Yy} is precompact in
X for every ¢, 0 < e < t. Furthermore, for x € Y, we have

[(@x)(t)—(Pe)(1)[| < /ti (t=n)* N Ta(t=)IIBW = {27 || +[1Sa (D)l [llzol +H]

+/ (T=3)* " Ta(T=5)|[I£ (5, ()] +] /Sg(smw(T),Q(T))dTII]dS}(ﬁ)dn
0 0

+/ (t—S)l_‘“HTa(t—S)H[Ilf(sw(S))ll+H/O g(s,7,2(7), Q(7))dr|lds

t—e

M1M46a MlTa Mle"

_— M- H)+———(Ms+Ms3T Mo+ M3T
_F(a+1)[||$T||+ 1([lzo 1+ )+F(a+1)( o+ M3 )]+I‘(a+1)( 2+MsT)

which implies that Y;(¢) is totally bounded, that is, precompact in X.
We want to show that ®(Y;) = {®x : = € Y} is an equicontinuous family of functions. For
that, let t5 > t; > 0.

[(®2)(t1)—(Px)(t2)]| < IISa(tl)—Sa(tz)||[||$o||+H]+||/01(Ta(tl—??)(lh—??)a_l—Ta(152—77)(162—77)‘X_1)131/‘/'_1
x {zp — Sa(T)zo — h(z(t1), ..., x(tp))]

T s
- / To(T = s)(T — )7 [f(s,2(5)) + / g(s,7,2(7), Q(7))dr]ds}(n)dn
0 0

- /t Tu(te = n)(t2 — )" BW " ez — Sa(T) [0 — h(a(t), s x(t,)]
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T s
*/ Ta(T*5)(T*5)a71[f(8717(5))+/ g(s, 7, 2(7), Q(7))dr]ds}(n)dn
0 0
+||/O 1(Ta(tl—s)(tl—s)a_l—Ta(752—8)(t2—s)0‘_1)[f(s,al:(s))—|—/os g(s,7,x(7),Q(7))dr]ds
—/t 2 To(ts — 8)(ta — ) [f(s,2(s)) + /Os 9(s,7,2(7), Q(7))dr]ds||

< [[Sa(ty) = Sa(t2)[[(zoll +H)+/O 1 | Ta(tr = n) (81 =)™ = Ta(ta —n)(t2 —m)* "

M{T“
<Ml + Mool + H) + ot (M + MaT)ldy
Ml(t2_t1)0( 1 a
Tar1n M M H)+ = (My + MsT
N(a+1) [My[llz || + Mi(lloll + )+F(a+1)( 2 + M3T)]

Mq(ts —t1)”

Fog1) (Ma+MsT). (48)

t1
+/ HTQ (tlfs)(tl 75)0‘71 7Ta (tgfs) (t275)a71 || (M2+M3T)d8+
0

The compactness of R(t), t > 0, implies that R(T) is continuous in the uniform operator
topology for ¢ > 0. Thus, the right hand side of (4.8), which is independent of x € Y}, tends
to zero as t; — t1. So ®(Y)) is equicontinuous family of functions. Also ®(Y}) is bounded
in Y, and so by Arzela- Ascoli theorem, ®(Y;) is precompact. Hence, from the Schauder
fixed-point theorem, ® has a fixed point in Y;. Any fixed point of @ is a mild solution of (4.1)
on J satisfying (®x)(t) = x(t) € X. Thus, system (4.1) is controllable on J.

5 Example

Consider a control system governed by the following fractional partial differential equation
with nonlocal condition

o z(t,x) = 8g[z(t,w)+/ot b(t—s)z(s,x)ds]+Bu(t)+P(t,z(t,x))+/0tq(t,s,z(s,x),/os e(s, 7, z(r,x))dr)ds,
z2(0,t) =2(1,t) =0, z€I=(0,1),teJ (5.1)
z(x,O)Jri ciz(z,t;) = zo(x), z €T

=0
where 99 is the Caputo fractional partial derivative of order 0 < ao < 1, ¢;, (i = 1,...,p) is
given positive constant, b is continuous and bounded.

Here B : U — X is a linear operator such that there exists an inverse operator W~! on
L2(J;U)/kerW is defined by

T froo
Wu = oz/o /0 O(T — ) £ (O)R((T — $)*0) Bu(s)dbds. (5.2)

The resolvent operator R(t) is compact (see[19]))and P: J x X — X, e: Ax X — X and
q:Ax X x X — X are all continuous and uniformly bounded.
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To write the above system into the abstract form of (4.1), let X = U = L?(J,R) and
Aw = wg, with domain D(A) = {w € X : w,, € X, w(0) = w(1) = 0}.

Let f(t,w)(z) = P(t,w(x)), (t,w)e Jx X,

k(t,s,w)(@) = e(t, s, w(z)),

g(t,s,w,0)(x) = q(t, s,w(x),0(x)), z € I.

Therefore, with the above choices, the system (5.1) can be written to the abstract form
(4.1) — (4.2) and all conditions of theorem 4.1 are satisfied. Thus by theorem 4.1, fractional
control system is controllable on J.

6 Conclusion

In this paper, we have presented, by using resolvent operators and Schauder fixed point theorem,
the existence of mild solutions of fractional integrodifferential equations with nonlocal conditions in
Banach spaces. Sufficient conditions for controllability of fractional integrodifferential systems are
established. we provided example to illustrate our results.

Acknowledgment

I would like to thank the referees for their detailed comments and helpful suggestions.

Competing Interests

The author declares that no competing interests exist.

References

[1] Ahmed, Hamdy M. Boundary controllability of nonlinear fractional integrodifferential systems.
Advances in difference equations. 2010, Article ID 279493, 9 pages.

[2] Ahmed, Hamdy M. Controllability for Sobolev type fractional integro-differential systems in a
Banach space. Advances in Difference Equations. vol. 2012;167.

[3] Byszewsk, L. Theorems about the existence and uniqueness of solutions of a semilinear evolution
nonlocal Cauchy problem. Journal of Mathematical Analysis and Applications. 1991;162:494-505.

[4] Byszewski L. Existence and uniqueness of solutions of semilinear evolution nonlocal Cauchy
problem. Zeszyty Nauk. Rzeszowskiej Mat. Fiz. 1993;18:109-112.

[5] Balachandran K, lllamaran S. Existence and uniqueness of mild and strong solutions of a
semilinear evolution nonlocal conditions. India J. Pure Appl. Math. 1994;25:411-418.

[6] Balachandran K, Chandrasekaran M. Existence of solutions of a delay differential equation with
nonlocal condition. India J. Pure Appl. Math. 1996;27(5):443-449.

747



British Journal of Mathematics and Computer Science 3(4), 740-749, 2013

[7] Balachandran K, Sakthivel R. Controllability of integrodifferential systems in Banach spaces. App.
Math. and Computations. 2001;118:63-71.

[8] Balachandran K, Anandhi ER. Boundary controllability of integrodifferential systems in Banach
spaces. India acad. sci. (Math. sci.). 2001;111(1):127-135.

[9] Balachandran K, Leelamani A. Boundary controllability of abstract integrodifferential systems. J.
KSIAM. 2003;7(1):33-45.

[10] Balachandran K, J. Y. Park, J. Y. Existence of solutions and controllability of nonlinear
integrodifferential systems in Banach spaces. Mathematical Problems in Engineering. vol. 2003,
no.2, 65 - 79.

[11] Das, S. Functional fractional calculus for system identification and controls. Springer-Verlag,
Berlin; 2008.

[12] El-Borai M. M. Some probability densities and fundamental solutions of fractional evolution
equations. Chaos, Solitons and Fractals. 2002;14(3):433-440.

[13] Grimmer R. C. Resolvent operators for integral equations in a Banach space. Trans. Amer.Math.
Soc., 1982;273(1):333-349.

[14] Ganesh R, Sakthivel R, Mahmudov, N. 1., Anthoni, S. M. . Approximate controllability of fractional
integrodifferential evolution equations. Journal of Applied Mathematics, Volume 2013, Article ID
291816, 7 pages.

[15] Hussain M. A. On a nonlinear integrodifferential equation in Banach space, Indian J. Pure Appl.
Math. 1988;19(6):516-529.

[16] Heard, M. L. and Rankin, S. M. Nonlinear volterra integrodifferential equations. J. Math.
Anal.Appl. 1994;188(2):569-589.

[17] J.L. Adams, and Hartley, T. T. Finite time controllability of fractional order systems. J. Comput.
Nonlinear Dyn. 3, 021402-1021402-5.

[18] Kexue Li, Jigen Peng. Fractional resolvents and fractional evolution equations. Applied
Mathematics Letters. 2012;25:808-812.

[19] Lin, Y. P. and Liu, J. H. Semilinear integrodifferential equations with nonlocal Cauchy problem.
Nonlinear Anal. 1996;26(5):1023-1033.

[20] Ntouyas, S. K. and Tsamatos, Ch. Global existence for semilinear evolution equations with
nonlocal conditions. J. Math. Anal. Appl. 1997;210:447-457.

[21] Podlubny, 1. Fractional differential equations. Academic press, San Diego; 1999.

[22] Samko SG, Kilbas AA, Marichev OIl. Fractional integrals and derivatives: Theory and
Applications. Gordon and Breach, Amsterdam; 1993.

[23] Shamardan, A. B. and Moubarak, M.R.A. Controllability and observability for fractional control
systems. J. Fract. Cal. 1999;15:25-34.

[24] Sabatier, J., Agrawal, O. Pand J.A. Tenreiro-Machado, J. A. Advances in fractional calculus:

Theoretical Developments and Applications in Physics and Engineering. Springer-Verlag, New
York; 2007.

748



British Journal of Mathematics and Computer Science 3(4), 740-749, 2013

[25] Sakthivel R, Ren Y, Mahmudov NI. On the approximate controllability of semilinear fractional
differential systems. Computers and Mathematics with Applications. 2011;62:1451-1459.

[26] Sakthivel R, Suganya S, Anthoni SM. Approximate controllability of fractional stochastic evolution
equations. Computers and Mathematics with Applications. 2012;63:660-668.

[27] Sakthivel R, Mahmudov NI, Nieto, Juan. J. Controllability for a class of fractional-order neutral
evolution control systems. Applied Mathematics and Computation. 2012;218:10334-10340.

[28] Sakthivel, R. and Yong, R. Approximate controllability of fractional differential equations with
state-dependent delay. Results in Mathematics. 2013;63:949-963.

[29] Zhou Y, Jiao F. Existence of mild solutions for fractional neutral evolution equations. Computers
and Mathematics with Applications. 2010;59:1063-1077.

©2013 Ahmed; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License http.//creativecommons.org/licenses/by/3.0, which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

www.sciencedomain.org/review-history.php ?iid=240&id=6&aid=1879

749


http://creativecommons.org/licenses/by/3.0

	Introduction
	Preliminaries
	Existence of Mild Solutions
	Controllability Results
	Example
	Conclusion

