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ABSTRACT
A two-dimensional steady flow of an electrically conducting, viscous incompressible
nanofluid past a continuously moving surface is considered in the presence of uniform
transverse magnetic field with chemical reaction. A mathematical governing model has
developed for the momentum, temperature and concentration boundary layer. Similarity
transformations using to modify the boundary layer equations. Whereas this prominent
transformations are used to transform the principal nonlinear boundary layer equations for
momentum, thermal energy and concentration to a system of nonlinear ordinary coupled
differential equations with fitting boundary conditions. The coupled differential equations
are numerically simulated using the famous Nactsheim-Swigert shooting technique
together with Runge-Kutta six order iteration schemes. Pertinent results with respect to
embedded parameters are displayed graphically for the velocity, temperature and
concentration profiles and were discussed quantitatively. Skin-friction, Heat transfer rate
(Nusselt number) and mass transfer rate (Sherwood number) are illustrated for the
various important parameters entering into the problem separately are discussed with the
help of graphs. Finally for the accuracy of the present results a comparison with previously
published research work are accomplished and proven an excellent agreement.
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1. INTRODUCTION

Magnetohydrodynamics (MHD) is concerning the mathematical and physical scaffold that
introduces magnetic-dynamics in electrically conducting fluids (e.g. in plasmas and liquid
metals). The applications of Magnetohydrodynamics (MHD) incompressible viscous flow in
science and engineering involving heat and mass transfer under the influence of chemical
reaction is of great importance to many areas of science and engineering. This frequently
occurs in agriculture, engineering, plasma studies and petroleum industries.

The term nanofluid has been foremost introduced by Choi [1]. This novel fluid have been
used potentially in numerous applications in heat and mass transfer, as well as
microelectronics, fuel cells, pharmaceutical sections and hybrid-powered engines, engine
cooling/vehicle thermal management etc.

In outlook of applications, Sakiadis [2,3] investigated the boundary-layer flow of a viscous
fluid past a moving solid surface, while Tsou et al. [4]  experimentally ascertained the  results
of  Sakiadis by  analyzing  the effects  of  heat  transfer  on  a  continuously  moving  surface
with constant velocity. Whereas, Soundalgekar and Murty [5] studied the heat transfer
problem by assuming the plate due to variable temperature. Sakiadis work was again
extended by Erickson et al. [6] to include suction or injection at  the  stretching  sheet on a
continuously moving  surface with constant  speed and  investigated  its effects on the heat
and mass transfer in the boundary layer region. Wang [7] investigated the free convection
flow on a vertical stretching surface also Gorla and Sidawi [8] also studied the problem of
free convection on a vertical stretching surface with suction and blowing.

Pop et al. [9] obtained similarity solutions  by  considering  viscosity as  an  inverse  function
of  temperature  and  assuming  constant velocity  and  temperature  of  the  plate.  Howell et
al. [10] and Rao et al. [11] analyzed the momentum and heat transfer on a continuous
moving surface in a power law fluid. Fang [12] studied similarity solutions of thermal
boundary layer for a moving plate. Soundalgekar et al. [13] studied the flow of
incompressible viscous fluid past a continuously moving semi-infinite plate by considering
variable viscosity and variable temperature. Ibrahim et al. [14]  studied  the combined  effect
of wall  suction and  magnetic  field  on  boundary  layer  flow  with  heat  and mass transfer
over an accelerating vertical plate. Makinde [15] studied the  effect of temperature
dependent viscosity  on free  convective flow past a vertical porous plate in  the presence of
a magnetic  field, thermal  radiation  and a first order  homogeneous chemical reaction.
Recently Geetha and Moorthy [16] studied hydromagnetic flow and heat transfer on a
continuously moving surface with Chemical Reaction.

Kang et al. [17] investigated the estimation of thermal conductivity of nanofluid using
experimental effective Particle volume. The natural Convective Boundary layer flows of a
nanofluid past a vertical plate have described by Kuznestov and Neild [18,19]. Bachok et al.
[20] has showed the steady boundary layer flow of a nanofluid past a moving semi-infinite
flat plate in a uniform free stream. Khan and Pop [21,22] formulated the problem of laminar
boundary layer flow of a nanofluid past a stretching sheet. Also Khan et al. [23,24]
investigated the effects of thermal radiation and magnetic field on boundary layer flow of a
nanofluid past a stretching sheet using the model proposed by Nield and Kuznetsov [18],
Kuznetsov and Nield [19] and Khan and Pop [21]. Recently there have been relatively few
studies [25-32] that reports MHD boundary layer nanofluid flow as well.
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In the present analysis, it is proposed to investigate the heat and mass transfer flow for an
electrically conducting incompressible nanofluid past a continuously moving plate with
variable surface temperature in the presence of a uniform transverse magnetic field and
chemical reaction. The governing equations are transformed into nonlinear ordinary
differential equations and solved numerically using Nactsheim-Swigert [33] shooting
technique. The velocity, temperature and concentration distributions are discussed and
presented graphically, and also the skin-friction coefficient, the surface heat and mass
transfer rate at the sheet are investigated.

2. MATHEMATICAL FORMULATION

A two-dimensional  steady  flow  of  an  electrically  conducting,  viscous,  incompressible
nanofluid past a continuously  moving  surface  with  uniform  velocity U in  the  presence
of  uniform  transverse magnetic  field  of  strength Bo is well thought-out.  A uniform
transverse magnetic field of strength Bo is applied parallel to the y-axis and chemical
reaction is taking place in the flow as well.  It is assumed that the induced magnetic field, the
external electric field and the electric field are negligible due to the polarization of charges.
Let the x-axis be taken along the surface and y-axis normal to it as shown in Fig. 1.

Fig. 1. Coordinate system for continuously moving surface

The properties of fluid considered to be isotropic and constant, except for the fluid viscosity
which is assumed to be an inverse linear function [34] of temperature:

 ( )1 1 1 T T
  



   ( )1 a T T
   

where and 1a T T

 


  

Here µ be the coefficient of viscosity,  is a reference viscosity, γ is a constant, T and T
are the temperature of the fluid near and far away from the moving plate, a  and T are
constants and their values  depend  on  the  reference  state  and  the  thermal  property  of
the  fluid. i.e., in general a 0 for liquids and a 0 for gases. Under the above assumptions
the governing equations are describing below:
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And the boundary condition for the model is;

,u U ax  ,v 0  wT T x ,  wC C x at y 0

,u 0 ,T T C C as ,y (5)

where,  is the thermal diffusivity,  is the density, e is the electrical conductivity, k is the
thermal conductivity, pC is the specific heat at constant pressure,  is the thermal viscosity,

BD is the brownian  diffusion coefficient, TD is the thermophoresis diffusion coefficient and

rK is the rate of chemical reaction.

The equations (2)-(4) can be transformed to the corresponding ordinary differential
equations by introducing the following similarity transformations:
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(6)

where is a reference kinematic viscosity. It  will  be  assumed  that  the  temperature

difference  between  the  moving  surface  and  the  free stream varies as nAx .

i.e. n
wT (x) T Ax .  (7)

Also the concentration difference between the moving surface and the free stream varies as
nBx .

i.e. n
wC (x) C Bx ,  (8)

Where A, B is constants, n is exponent parameter and x is measured from the leading edge
of the surface.
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From the above transformations the non dimensional, nonlinear, coupled ordinary differential
equations are obtained as:

/ / / / / / /Re ,2 2
mf ff f f 0    (9)

/ / / / / / / / / /Re ,2 2 2 2
r r r c m r c r b r tnP f P f PE f PE f PN PN 0            (10)

/ / / / / / Re ,t
e e e x

b

NL f nL f L 0
N

     
 

     
 

(11)

Where the notation primes (/ ) denote differentiation with respect to  and
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The corresponding boundary conditions are:
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The physical quantities of the skin-friction coefficient, the reduced Nusselt number and
reduced Sherwood number are calculated respectively by the following equations,
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Where
2

xe
axR

 is the Local Reynolds number.

3. NUMERICAL“SHOOTING QUADRATURE” SOLUTIONS

The non-dimensional, nonlinear, coupled ordinary differential Eqs.(9) to (11) with boundary
conditions (12) are solved numerically using the Nactsheim-Swigert shooting iteration
technique [33]together with a sixth-order Runge-Kutta iteration scheme. In shooting
methods, the missing (unspecified) initial condition at the initial point of the interval is
assumed and the differential equation is integrated numerically asan initial value problem to
the terminal point. The accuracy of the assumed missing initial condition is then verified via
comparison with the computed value of the dependent variable at the terminal point with its
given value there. If a difference exists, another value of the missing initial condition must be
assumed and the process is repeated. This process is continued until the agreement
between the calculated and the given condition at the terminal point is within the specified
degree of accuracy.Extension of the iteration shell to considered system of differential eqns.
is straightforward; there are three asymptotic boundary condition and hence three unknown
surface conditions and .

4. NUMERICAL VALIDATIONS

The study investigates the problem of flow, heat and mass transfer for an electrically
conducting incompressible nanofluid past a continuously moving plate with variable surface
temperature in the presence of a uniform transverse magnetic field and the effects of
chemical reaction. In order to investigate the physical representation of the problem, the
numerical values of velocity  /f , temperature   and concentration   against ηwith the

boundary layer have been computed for different parameters the Magnetic parameter  Rem ,

Prandtl number  rP , Eckert number  cE , Lewis number  eL , Chemical reaction parameter

  , Brownian motion parameter  bN , Thermophoresis parameter  tN ,Local Reynolds

number  Re x and exponent parameter  n respectively. Numerical results are reported in
the Table 1 and Figs. 2-15.

For the accuracy of the present numerical results as the results for the reduced Nusselt
number  / 0 for different values of Prandtl number, the present results compared with
Wang [7] and Gorla and Sidawi [8] by neglecting the Magnetic parameter, Eckert number ,
Chemical reaction parameter, Brownian motion parameter, Thermophoresis parameter,

/ / /( ), ( )f 0 0 / ( )0
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Local Reynolds number and exponent parameter respectively in Table1. andfrom
thecomparison excellent agreement is observed.

Table 1. Comparison for the reduced Nusselt number  / 0

rP Wang [7] Gorla and
Sidawi [8]

Present Results
mRe n 0  

x t bRe N N 0  
0.07 0.0656 0.0656 0.0660
0.20 0.1691 0.1691 0.1693
0.70 0.4539 0.5349 0.4545
2.00 0.9114 0.9114 0.9117
7.00 1.8954 1.8904 1.8944
20.00 3.3539 3.3539 3.3542
70.00 6.4622 6.4622 6.4625

5. RESULTS AND DISCUSSIONS

In general, nanofluid-velocity is higher near the moving surface and decreases to zero far
away from the plate surface satisfying the far field boundary conditions for all parameter
values. Fig. 2 displays the dimensionless primary velocity distribution  f  for different

values of mRe where t b r e c xN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0, 0.5       Then for

above case It can be observed that velocity profiles are decreases as the mRe increase. The
magnetic field presents a damping effect on the velocity field by creating a drag force that
opposes the fluid motion, causing the velocity to decrease.

Fig. 3 depicts the dimensionless velocity distribution  f  for different values of n where

t b r e c x mN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,Re =0.3, 0.5      Then for above case It can
be observed that velocity profiles are increases as the n increase.

Figs. 4 and 5displays the fluid temperatures attains its maximum value at the moving plate
surface and decrease exponentially to the free stream zero value away from the plate and
also it satisfying the boundary conditions. Fig. 4 shows the dimensionless temperature
distribution    for different values of mRe where

t b r e c xN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0, 0.5       Then for above case It can be
observed that temperature profiles are increases as the mRe increase. As a results the
thermal  boundary  layer  thickness  increases  with  an  increase  in  the  intensity  of
magnetic field.

Fig. 5 predicts the dimensionless temperature distribution    for different values of n
where t b r e c x mN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,Re =0.3, 0.5      Then for above case It
can be observed that temperature profiles are decreases as the n increase.
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Fig. 2. Effects of magnetic parameter
 mRe on velocity profiles

Fig. 3. Effects of exponent parameter  n
on velocity profiles

Fig. 4. Effects of magnetic parameter
 mRe on temperature profiles

Fig. 5. Effects of exponent parameter
 n on temperature profiles

Figs. 6 to 8 portrays chemical species concentration profiles for varying values of physical
parameters in the boundary layer. The species concentration is higher at the moving plate
surface and decrease  to  zero  far  away  from  the  plate also satisfying  the  boundary
condition. Fig. 6 illustrates the dimensionless concentration distribution    for different
values of  where t b r e c x mN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0,Re 0.3       Then for
above case It can be observed that concentration profiles are decreases as the  increase.
Fig. 7 presents the dimensionless concentration distribution    for different values of mRe
where t b r e c xN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0, 0.5       Then for above case It
can be observed that concentration profiles are decreases as the mRe increase.
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Fig. 6. Effects of chemical reaction
parameter   on concentration profiles

Fig. 7. Effects of magnetic parameter
 mRe on concentration profiles

Fig. 8 displays the dimensionless concentration distribution    for different values of n
where t b r e c x mN N 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,Re =0.3, 0.5      Then for above case It
can be observed that concentration profiles are decreases as the n increase.

Fig. 8. Effects of exponent parameter  n
on  concentration profiles

Since due to the physical interest of the problem, the skin-friction coefficient has been
illustrates in Figs. 9 and 10. It depictsfor the different values of the magnetic field intensity
and the power law index of the surface temperature and concentration variation.
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Fig. 9. Effects of Magnetic parameter
 mRe on Skin-friction coefficient

Fig. 10. Effects of Exponent parameter
 n on Skin-friction coefficient

Fig. 9 depicts the dimensionless Skin-friction coefficient for different values of mRe where

b r e c xN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0, 0.5      Then for above case It can be
observed that Skin-friction coefficient are decreases as the mRe increase.

Fig.10 analysed the dimensionless Skin-friction coefficient for different values of n where
b r e c x mN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,Re =0.3, 0.5     Then for above case It can be

observed that Skin-friction coefficient are decreases as the n increase.

The Surface heat transfer rate due to the physical interest of the problem illustrates Fig. 11 and
12 for the different values of the magnetic field intensity and the power law index of the surface
temperature and concentration variation.

Fig. 11 shows the dimensionless heat transfer rate for different values of mRe where

b r e c xN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0, 0.5      Then for above case It can be
observed that heat transfer rate are increases as the mRe increase.

Fig. 12 presents the dimensionless heat transfer rate for different values of n where
b r e c x mN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,Re =0.3, 0.5     Then for above case It can be

observed that heat transfer rate are decreases as the n increase.

The rate of mass transfer due to physical interest of the problem depicts in Figs. 13-15 for the
different values of the chemical reaction parameter, the power law index of the surface
temperature and concentration variation and the magnetic field intensity.
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Fig. 11. Effects of Magnetic parameter
 mRe on heat transfer rate

Fig. 12. Effects of Exponent parameter
 n on heat transfer rate

Fig. 13. Effects of chemical reaction
parameter   on mass transfer rate

Fig. 14. Effects of exponent parameter  n
on mass transfer rate

Fig. 13 depicts the dimensionless mass transfer rate for different values of  where

b r e c x mN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0,Re 0.3      Then for above case It can be
observed that mass transfer rate are decreases as the  increase.

Fig. 14 presents the dimensionless mass transfer rate for different values of n where
b r e c x mN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,Re =0.3, 0.5     Then for above case It can be

observed that mass transfer rate are decreases as the n increase.

Fig. 15 displays the dimensionless mass transfer rate for different values of mRe where

b r e c xN 0.5,P 0.71,L 5.0,E 0.5,Re =5.0,n 1.0, 0.5      Then for above case It can be
observed that mass transfer rate are decreases as the mRe increase.
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Fig. 15. Effects of magnetic parameter
 mRe on mass transfer rate

6. CONCLUSION

MHD boundary layer flow flow of a nanofluid on a continuously moving surface with chemical
reaction has been studied numerically.  The comparison part has provides the accuracy of the
present study. The  results  revealed  that  velocity and concentration  decreases, whereas the
temperature  increase  with  increase  in  the  magnetic  field  intensity parameter.  Also, an
increase in the power law indexes of the surface temperature and concentration variation the
velocity increase, whereas the temperature and concentration decrease gradually. The
concentration also decreases as increase chemical reaction. Furthermore an increase in the
power law index cause decrease of skin-friction coefficient and the heat and mass transfer rate
at the  moving  plate  surface.

7. NOMENCLATURE

a Non-dimensional constant
A, B Constants
0B Magnetic field induction
C concentration
fC Skin-friction coefficient

pc Specific heat at constant pressure

BD Brownian diffusion coefficient

TD Thermophoresis diffusion coefficient

rK Rate of chemical reaction

eL Lewis number
n Exponent parameter
uN Nusselt number

bN Brownian motion parameter
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tN Thermophoresis parameter
P Fluid pressure
rP Prandtl number
Rem Magnetic parameter

xe
R Local Reynolds number

hS Sherwood number
T Fluid temperature
,u v Velocity components in the x and y directions

U Uniform velocity
,x y Cartesian coordinates

Greek symbols

 ,   Dynamic and  kinematic viscosities

 Reference viscosity

 pc Effective heat capacity of the nanofluid

  fc Heat capacity of the fluid
 Thermal diffusivity
 Co-efficient of thermal expansion
 Chemical reaction parameter
 Similarity variable
 Stream function
 f  Dimensionless velocity

   Dimensionless temperature

   Dimensionless concentration

Superscript

/ Differentiation with respect to 

Subscripts

w Surface condition
 Condition far away the surface
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