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Abstract

A new continuous distribution called exponentiated Kumaraswamy-exponential that extends the
exponential distribution and some other distributions is proposed and studied. Several structural
properties of the new distribution were investigated, including the moments, hazard function, mean
deviations and Rényi entropy. Moreover, we discuss the maximum likelihood estimation of this
distribution. An application reveals that the model proposed can be very useful in fitting real data.
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1 INTRODUCTION

According to [1], the exponential distribution
is perhaps the most widely applied statistical
distribution for problems in reliability. For
many years, researchers have been developing
various extensions and modified forms of
the exponential distribution. Recently, [2]
introduced an extension of the exponential
distribution called the transmuted exponentiated
exponential distribution.  [3] introduced and
studied the gamma-exponentiated exponential
distribution. [4] studied the exponentiated
exponential distribution and discussed its various
properties. [5] proposed the beta generalized
exponential distribution and discussed its various
properties. [6] introduced and studied a three-
parameter distribution, so-called the generalized
exponential distribution.

In this paper, we introduce and study several
structural properties of a new distribution,
referred to as a exponentiated Kumaraswamy-
exponential distribution. The properties of the
new model are discussed and expressions are
derived for the moments, mean deviations,
Bonferroni and Lorentz curves. Estimation of the
model parameters by the method of maximum
likelihood is discussed. The flexibility of this
distribution is illustrated in an application to a
real data set.

The paper is organized as follows. Section 2
defined the exponentiated Kumaraswamy-
exponential distribution and some special sub-
models are discussed. Various structural
properties which includes moments, mean
deviations and Rényi entropy are explored
in Section 3. The estimation of the model
parameters using the method of maximum
likelihood is discussed in Section 4. Finally, in
Section 5 an application on a real data set is
reported.

The calculations of this paper involve the gamma
function defined by

[e'e]

Ia) = /t“il e dt,
0
the lower incomplete gamma function

(1.1)

T

v(a,x) = /ta_1 e tdt

0

(1.2)

and the upper incomplete gamma function
defined by

INa,z) = /t“f1 e tdt. (1.3)

2 THE EXPONENTIATED

KUMARASWAMY-EXPONEN-

TIAL DISTRIBUTION

The cumulative distribution function (CDF)
and probability density function (PDF) of the
exponential distribution are given by

G (r;0) =1 —exp(—azx) (2.1)
and

g(z;a) = aexp (—ax), (2.2)

respectively, where x > 0 and « > 0 is the scale
parameter.

[7] introduced a two-parameter distribution,
known as Kumaraswamy distribution. Its CDF is
given by

A
Fa;8,0) =1— (1 —xﬁ) (2.3)
where 0 < z < 1, 8 > 0and A > 0. The
corresponding PDF for (2.3) is given by

£z 8, = BAz?? (1 - .1:/3>A L e
The Kumaraswamy distribution has been
identified as a viable alternative to beta
distribution because they both have the same
basic shape properties (unimodal, uniantimodal,
increasing, decreaing, monotone or constant).
However, the PDF given in Equation 2.4 does not
involve any incomplete beta function ratio and it
is regarded as being tractable because of its mild
algebraic properties. Recently, [8] proposed a
generalization of the Kumaraswamy distribution,
so-called the exponentiated Kumaraswamy
distribution. The CDF and PDF of the
exponentiated Kumaraswamy distribution are
given by
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0

F(2: 8,1, 0) = {1 (- xﬂﬂ (2.5)

and
0—1

f (@:8,0,0) = pA0a" " (1 - mB)H {1 (1~ mﬁ))\} , (2.6)

respectively, where 0 <z < 1, 8> 0, A > 0 and 6 > 0 are shape parameters. Let G(x) be the CDF
of any random variable X. The CDF of a generalized class of distributions is given by

A 6
F(2:8,),0) = [1 - (1 —G(x)ﬁ) } . 2.7)
where 3, A and 6 are additional shape parameters.

[9] have used the CDF of Dagum distribution in (2.7) to propose the exponentiated Kumaraswamy-
Dagum distribution. The generalization (2.7) can be used to propose other distributions based on the
exponentiated Kumaraswamy distribution.

Combining (2.1) and (2.7), gives the CDF of the exponentiated Kumaraswamy-exponential (ExpK-E)
distribution as:

I 0
F (z;0,8,,0) = {1 — [1 -(1- exp(fa:c))ﬁ] } . (2.8)
Differentiating (2.8) with respect to x, and doing the necessary simplifications, gives the PDF as:
1 A—1
f (30, 8,1,0) = aBAO(1 — exp (—aw))”[1 = (1 = exp (~aw))’] " exp (~az)
N 6—1
X {1 — [1 — (1 —exp (fax))ﬁ] } . (2.9)
where x > 0, a, 8, X and 6. « is the scale parameter. 8, A and 6 are additional shape parameters.

Figure 1 illustrates some of the possible shapes of the PDF of the ExpK-E distribution for different
values of the parameters «, 8, A and 6.

2.1 Sub-models

Sub-models of ExpK-E distribution for selected values of the parameters are presented in this subsection.
1. When g = X\ = 0 = 1, the ExpK-E distribution is the exponential distribution with the PDF,

f(z;0) = aexp (—ax) . (2.10)

2. If A = 0 = 1, the ExpK-E distribution is the exponentiated exponential (Exp-E) distribution. The
PDF is given by
fz;0,8) =aB8(1 —exp(—am))ﬁflexp (—ax). (2.11)

3. If A = 8 =1, we have the exponentiated exponential distribution with the PDF,

f(z;0,0) = af (1 —exp (—ax))’ ' exp (—ax). (2.12)

4. If A = 1, we have another exponentiated exponential distribution with parameters o, 86 and
PDF is given by
f (250, 80) = B (1 — exp (—ax))?’ " exp (—ax) . (2.13)



Rodrigues and Silva; BJAST, 10(5), 1-12, 2015; Article no.BJAST. 16935

[’I\‘"l —a=1,=3A=2;8=1
1,2—| ) | a=1.F=3 k=3 86=05

T " — — a=1,0=05A=20=4
l_i | =5 F=05A=04,8=02
_lJl =03 [F=6ArA=9,68=04

[

-

=) 1k

I

1t

|

a 5

Figure 1: The PDF of the ExpK-E distribution for different values of the parameters

5. When 6 = 1, the ExpK-E distribution is the Kumaraswamy exponential distribution introduced
by [10] with the FDP given by

f(zia,8,0) = aBA (1 —exp (—az))’ ! [1 — (1 —exp (fam))ﬁ] > exp (—ax) . (2.14)

6. If 3 = 1, we have the exponentiated exponential distribution with parameters o\ and 6. The
corresponding PDF is

f(z;ax, 0) = aXd (1 — exp (—arz))’ ' exp (—adz). (2.15)

3 PROPERTIES

3.1 Expansions for the Cumulative and Density Functions

For any real non-integer 6 > 0, we have the power series

EPRVET o N G N ()17
(1-w) ; o= ;! (3.1)

where |w| < 1. Using the power series (3.1) in Equation 2.8, we can write
, SN (CDTHFGRD(O)T (AT (BE) exp (—alz)
Flzio, B,0,0) = BX0D DD T(O—j+ DI\ —k+ )T(Bk — L+ 1)kl (3-2)

j=0 k=0 1=0

for 8, A and 6 real non-integers. For § integer, the index [ in the previous sums stops at k. If A > 0
is an integer, the index k stops at A\j. If § > 0 is an integer, the index j stops at 6.
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Now, using again the power series (3.1), we can express (2.9) (for 3, A and 6 real non-integers)
as

_ e (—1)TTEF BT (O)T [(A(j + 1)] T [B(k + 1)] exp [—a(l + 1)a]
fla; e, 8,2,6) = ;;; T —HTANG+1) — KT [BKE+ 1) — 1 k0 -39

The Equation 3.3 reveals that the ExpK-E density function is a linear combination of exponential
density functions.

3.2 Hazard Function
For a continuous distribution with PDF f(x) and CDF F'(x), the hazard function is defined as

. PX<z4+Az|X>z)  f()
h(z) _4\1910130 Az T 1-F(x)

(3.4)

The hazard function is an important quantity characterizing life phenomena. For the ExpK-E distribution,
the hazard rate function is

afAO(1 — exp (—am))ﬁ_l[l — (1 —exp (—ax))ﬂ] A_lexp (—ax)
1-— {1 — [1 - (1- exp(—oz:c))ﬁr}

6—1

« {1 S IR~ (fax))B]A} . (3.5)

h(z; o, B, A, 0) =

0

Figure 2 illustrates the behavior of the hazard function of a ExpK-E distribution for selected values of
the parameters o, 8, A and 6.
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Figure 2: The hazard function of the ExpK-E distribution for different values of the
parameters



Rodrigues and Silva; BJAST, 10(5), 1-12, 2015; Article no.BJAST. 16935

3.3 Moments

In this subsection we discuss the ~* moment for ExpK-E distribution. Moments are necessary and
important in any statistical analysis, especially in applications. It can be used to study the most
important features and characteristics of a distribution (e.g., tendency, dispersion, skewness and
kurtosis). Therefore, it is customary to derive the moments when a new distribution is proposed.

Using the form in (3.3), we can write

E@U::AwfﬂmmﬂAﬂMx

_ N L JMHF(@)F[ (J+ DT [B(k+1)]
= “me;;;r NG+ 1) — KT [B(k+ 1) — 1] R0

X /Oo z"exp|—a(l + 1)z] dx. (3.6)
0

Making the transformation t = « (I 4+ 1) and using the definition of the gamma function (1.1), the "
moment of ExpK-E distribution is given by

Do o oo oo 1)J+k+lr(9)r MG+ DT [B(k + 1)) 7!
E(X") = ﬁ/w;kzo; NG +1) — KT [B(k+1) =1 [a+ 1) " jlE0 (8.7)
In particular, the mean for the ExpK-E distribution is given by
e —1)I T (NG + 1) T [B(k + 1)]
E(X) = ngg JH>MWHWMMHWWm&

The moment generating function of the ExpK-E distribution is given by

o N (=)@ MG + DIT [B(k + 1)]
O‘ﬁwgkzogr =5 F[)\]—i-l)—k]P[ﬂ(k+1)—l][a(Z+l)—t]j!k!l! (3.9)

fort < a(l + 1). The corresponding characteristic function is

_ o (=)@ MG+ DIC [B(k + 1)
B = O‘Mg;kzo; NG T —HTBkT D —[ea+y) —agwn 10

where i = /—1.

3.4 Quantiles of the Distribution
The p*" quantile, g,, of the ExpK-E distribution is the real solution of the equation
Flgp) =p (3.11)

A 1/8 1/«
qp_—10g<1—|:1—<1—p1/0) } > . (3.12)

In particular the ExpK-E median is:

and is given by:

1/8 1/

N7z 1/
gos = —log | 1— [1 - (1 - (§> > ] . (3.13)
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Using the method of inversionin [11], random
numbers from the ExpK-E distribution can be
generated with U ~ U(0,1) as the solution of
following equation

= {1 — [1 —(1 —exp(—ozq))ﬂr}e. (3.14)

This yield

—log (1 _ {1 (1- ul/g)m} 1/ﬂ>
(3.15)

Moreover, (3.15) may be used to generate
random numbers from the ExpK-E distribution

1/«

41 (X) E(1X — pl)

/ooo & — ulf (25 0 B, 1, 0) de

n

+

2F (50, 5,0, 0) = 2u-+ 2 [

using different initial values for the parameters.

3.5 Mean Deviations

The amount of spread in a population is evidently
measured to some extent by the totality of
deviations from the mean and median. These are
known as the mean deviation about the mean and
the mean deviation about the median. Let X be
a ExpK-E random variable with mean p = E (X)
and median m.

The mean deviation from the mean can be
defined as

zf (z;a,8,X,0) dz

(~am)’] } o

(=)@ G + DT

[B(k+ DIT[2, au(l +1)]

.(3.16

0O —HLNG+1) =k T[Bk+1) =] [+ 1)K

The mean deviation from the median is, also, defined by

51 (X)=E (|X —m)

/oo |z —m|f (z;a, 8, A,0) dx
0

—u—|—2/ zf (z;a, B, N, 0) dz

J*“T( WWAG + DT [Bk+ DT [2,am(l+ 1)]

7u+2amezzzr
j=0 k=0 I=

.(3.17)

MG+ 1) = KT [Bk+1) — 1] [a(l+1)]% 5%

3.6 Bonferroni and Lorenz Curves

The Bonferroni and Lorenz curves have applications not only in economics to study income and
poverty, but also in other fields like reliability, demography, insurance and medicine. The Bonferroni

and Lorenz curves are defined by

B(p):]giu/oqxf(;c)dx (3.18)
and |
L(p) = ;/0 zf (z)dz (3.19)
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respectively, where = E (X) and ¢ = F~! (p). In the case of EexpK-E distribution, using the results
of above paragraphs, we obtain

BAG S S J-Hc-HF( YCIAG 4+ D] [B(k+ 1)] 72, aq (I +1)]
B0 = EZEF MG+ 1) = KT (8 +1) = o 0+ DIkl
(3.20)
and
_ aBM e D7HTO) (AG + DIT[B(k +1)] 7 [2, a9 (14 1)]
b= ® ng();r 0— UG +1) = KT Bk +1) =] [a 0+ )] K0
3.21)

3.7 Entropy

An entropy of a random variable X is a measure of variation of the uncertainty. It is an important
concept in many fields of science, especially theory of communication, physics and probability. A
popular entropy measure is Rényi entropy. If X has the PDF f(-) then Rényi entropy is defined by

1 v
Hr (v) = T log {/ 17 (z) d:c] (3.22)
where v > 0 and v # 1. Using (3.22), Rényi entropy of ExpK-E distribution is given by
Hr (v) = % (log o + log B8 + log A + log 6)
= e (1) @ -+ T[N +rv (A —1)+1]
+ logjzozogaljtu O —D+1—JTA+v(A—1) +1— k] k!
" L'kp+v (B —1)+1] (3.23)

3.8 Order Statistics

Order statistics are among the most fundamental tools in non-parametric statistics and inference.

They enter in the problems of estimation and hypothesis tests in a variety of ways. Therefore, we now

discuss some properties of the order statistics for the ExpK-E distribution. Suppose X, Xs,..., X,

is a random sample from ExpK-E distribution. Let X1.,, < X2., < ... < X, denote the corresponding
order statistics. From [12], the PDF and CDF of the rth order statistic, say Y = X..,, are given by

5 = G W= PO W)
N W«Z_O( e ) (=D P ) () (3.24)
and
e = Y (1) Pwi-ror
T s ) ( ? ) ( nl_j )(—1)le”(1/) (3.25)
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where f(-) and F(-) are the PDF and CDF of the ExpK-E distribution, respectively. It follows from
Equations (2.8) and (2.9) that

_ afBMexp (—ay)n!
KW = =i =)

A—1

(1= exp(—ay))” |1 = (1 = exp (—ay))”]
O(l4+r)—1

v 7:20( n ) (1) {1 ~[1-q fexp(fay))ﬁ})\} (3.26)

and

Fy(y)—ij;:( ) () T I (T S 0

4 Maximum Likelihood Estimation

Suppose z1,...,z, is a random sample of size n from the ExpK-E distribution given by (2.9). The
log-likelihood function for the vector of parameters © = (a, 3, A, G)T can be written as:

logL(©®) = (B — 1)2 log (1 — exp (—az;)) + nloga + nlog B + nlog A

i=1

+ (A= 1)210g [1 -1 fexp(faxi))ﬁ} +n10g07a2xi

+ (G—I)ilog {1_ (1—(1—exp(—a:vi))6>>\]. (4.1)

Differentiating the log-likelihood with respect «, 3, A and 0, respectively, and setting the result equal
to zero, we have

OlogL _n Jri alB—1) +i aB(1 = A1 —exp (—amx;))? !

Oa @ exp (ax;) — 1

n

=1 im1 [1 — (1 —exp (—aﬂci))ﬂ]exp (azxs) - ;xl
n aBA0 — 1)1 — exp (—ax;))? 71 — (1—exp (—aw;))? M
3 BA® — 1)1 — exp (—aw:))* {1 = (1-exp (—aw))”] 0w

i=1 [1— (1 —(1—exp (—axi))ﬁ)k}exp (axs)
dlogL _n e (- exp (—axi))’ log (1 — exp (—axi)) < ~ exp (—as
op B B + (1 )\)izl 1-— (1 — exp(—axi))ﬁ * izzllog(l ¢ p( z))
n 1= - exp(caw)?] T (1 - exp (~az)?
+ AXO-1) X
i=1 1- [1 —(1—exp (—a:m))ﬁ}
x log (1 —exp (—ax;)) =0, (4.3)
9loe L n n [1—(1—exp(—am-))5r
8L _ DS log[1— (1—exp(—az)’| +(0-1Y e
oA A [ ] i=11— [1 - (1- exp(fami))ﬁ]
x log (1 — (1 —exp (—ami))ﬁ) =0, (4.4)
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=gt ilog {1 ~(1-a- eXp(—am)ﬂ)A} =0. (5)

The maximum likelihood estimator (MLE) © is obtained by solving Equations 4.2—4.5. To solve
(4.2) through (4.5), it is usually more convenient to use nonlinear optimization algorithms such as
quasi—Newton algorithm to numerically maximize the log-likelihood function. In order to compute the
standard errors and asymptotic confidence intervals the usual large sample approximation is used, in
which the maximum likelihood estimators can be treated as being approximately multivariate normal.
Hence as n — oo, the asymptotic distribution of the MLE is given by,

Vll V12 V13 ‘/14

a a
Bl _ N B 7 Vo Va2 Vaz  Vou (4.6)
A A Var Vso Vs Vs
0 0 Vir Vae Vig Vi
where \Zj = Vijlo_g and
‘le ‘:/12 ‘213 ‘:\}14 All A12 AIB Al4 -
‘/{21 ‘/{22 ‘/{23 ‘/{24 — A21 A22 A23 A24 (4 7)
Va1 Vaa Viz Vi Az1 Azz Azz Az ’
‘741 ‘742 ‘743 ‘744 Ay A Ass A
is the approximate variance covariance matrix with elements obtained from
A — 78210gL _78210gL _782logL A _78210gL
T 9a2 0 T T T 000 TP T T gadn 0 T T T 9000
Aoy — _azlogL __8210gL __8210gL
2T T e 0 BT T 900 0 YT T T 9Bo0
Aen = _9%log L _ 9logL
33 — 8>\2 ) 34 — 8A89 )
Ay — 0% log L (4.8)
44 — 802 .

Approximate 100(1 — +)% confidence intervals two sided confidence intervals for «, 8, A and 0 are,
respectively, given by

atzy s Vi, B+ 272\ Voo, A+ 22V Vas, 0+ 2y/2\/ Via (4.9)

where z, is the upper v percentile of the standard normal distribution.

10
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5 Application

In this section we will study one real data
set to illustrate the usefulness of the ExpK-E
distribution for modeling reliability data. We
will make comparison of the results with the
exponential (Exp), inverse exponential (IExp) and
Weibull distributions.

We consider the widely used data from [13]. The
data represent the survival times of guinea pigs
injected with different doses of tubercle bacilli.

The maximum likelihood estimates, the
corresponding values of log-likelihood and the
Akaike Information Criterion (AIC) values for
the fitted distributions are reported in Table 1.
The results show that the ExpK-E distribution
provides a significantly better fit than the other
models.

Plots of the estimated PDF of the exponential,
ExpK-E, IE and Weibull models fitted to these
data set are given in Figure 3. The figure indicate
that the ExpK-E distribution is superior to the
other distributions in terms of model fitting.

0,008 =
IR _
0,008 4 Ezxponential
| | e — ExpK-E
Sl ——IE
.00 : Ao Wreibull
7 o -
0,006 F— |
10 b
0,005 \
20 ]
0, 004 :
1 N
0,003 ; w8
0,002 l S
gk .
o,ocn—;‘jf —t—1— -_—
) 100 200 300

Figure 3: Histogram and estimated densities.

Table 1. The maximum likelihood estimates and AIC of the models

Model Maximum likelihood estimates log-likelihood AIC

Exp a=0.001, =1, A=1,0=1 —493.887 989.775
ExpK-E « =0.015, g =2.010, A =1.001, # = 1.010 —393.639 795.279
IExp a = 60.098 —402.502 807.003
Weibull  « =0.009, 5 =1.392 —397.148 798.300

11
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6 CONCLUSION

We proposed a new distribution, named
the exponentiated Kumaraswamy-exponential
distribution which extends the exponential
distribution.  Several properties of the new
distribution were investigated. The estimation of
parameters by the method of moments and the
maximum likelihood have been discussed. An
application of the exponentiated Kumaraswamy-
exponential distribution to real data show that the
new distribution can be used quite effectively to
provide better fits than the exponential, inverse
exponential and Weibull distributions.
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